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Abstract
In instances where materials exhibit substantial disorder, obtaining accurate, quantitative descriptions of
functional properties from modeling and simulation remains a longstanding challenge. While computational
methods are more well-established for ordered, crystalline materials, it is not generally straightforward to
apply these approaches in the presence of configurational disorder. Nevertheless, many emerging materi-
als across various application areas spanning energy conversion, sensing, and separation exhibit disorder.
Historically, the challenges in accounting for disorder explicitly have limited the utility of computational
modeling and simulation in optimizing target properties and functionality of the materials.
A technologically important class of disordered material systems are the perovskite-derived mixed ion-
electron conductors (MIECs). The perovskite-derivative MIECs are of interest in a wide range of ap-
plications due to their ability to conduct both ions and electrons. A classic example is iron-substituted
strontium titanate (SrTi1−xFexO3−d, STF) which is a promising cathode material in solid oxide fuel cells.
The introduction of large degrees of elemental substitution is a material design strategy for tuning electro-
chemical characteristics of host materials to optimize target properties such as conductivity. Accelerated
computational development of MIECs requires accounting for how properties vary with composition and
configurational disorder. However, traditional methods for modeling the properties of such materials of-
ten neglect the configurational complexity. Instead, they rely on simple estimates of diffusion barriers and
prefactors and rarely account for atomic-scale configuration. Such approaches may not capture effects such
as disorder, short-ranged order, and their influence on transport, necessary to optimize properties over an
expanded composition space.
The work presented in this thesis is concerned with advancing the state-of-the-art in the computational
modeling and simulation of disordered materials, as it pertains to MIECs. The focus is on the STF material
system. In this work, a bottom-up, successive scheme is demonstrated that links first-principles density
functional theory (DFT), cluster expansion (CE), and direct solution approaches to the master diffusion
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equations to obtain quantitative predictions of electronic structures, ordering tendencies, and ion transport
of STF across the whole composition space. DFT is used to elucidate the electronic structure of the STF solid
solution, which gives insights into electronic and optical properties. A novel approach to the multisublattice
CE is demonstrated to accurately capture the ordering tendencies and configurational energies of STF
in arbitrary configurations, providing insights into thermochemistry and short-range order, particularly
amongst Fe species and oxygen vacancies. The improved CE methodology accounts for the chemical identity
of species distributed among multiple sublattices, including cation and anion lattices. This formalism enables
one to distinguish physically meaningful interactions that would otherwise be rendered indistinguishable in
the conventional CE because the conventional approach compresses chemical identity via a product of site
occupations. Using the model developed, it is possible to extract thermochemical properties of STF, such
as its stability, and identify tendencies for superlattice formation at certain compositions.
Towards the goal of quantitative prediction of experimentally measurable properties, the CE is used
in conjunction with Monte Carlo simulations to generate ensembles, and an additional local CE evaluates
kinetically resolved activation barriers for oxygen hopping. The oxygen diffusivity is obtained from the
steady-state solution to the master diffusion equations, which efficiently handles correlations due to a big
difference in hopping rates in disordered materials. The use of the direct solution approach reveals many
intriguing aspects of oxygen ion diffusivity in STF. For instance, the diffusion of oxygen ions emerges from
many competing factors, including oxygen vacancy concentration, short-range order and other configura-
tional tendencies, blocking sites, and percolation of diffusion networks. Short-range order creates traps for
oxygen ions and hinders its mobility. On the other hand, with large Fe incorporation, fast ion diffusion
is enabled results from the percolation of the diffusion network through the orderings. The competition
between the trapping and the percolation gives rises to intriguing non-monotonic trends in how the dif-
fusion coefficient depends on STF composition. The method introduced here is shown to reproduce the
measured oxygen ionic conductivity of STF, obtaining diffusion coefficients within an order of magnitude of
experiments across all compositions.
The work presented here may be useful both as a specific methodology to determine the ion transport
properties of complex oxide mixtures, as well as for opening pathways to higher fidelity models of complex,
disordered structures that can be used in computational materials design and optimization.
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Amongst all measurable properties of materials, conductivity is believed to exhibit the most extensive
variability – a factor of ∼1035 separates the conductivity of the best insulators from that of the best con-
ductors. Controlling the conducting properties of a material is essential in electronics, sensing, energy
conversion, and many other application areas. In general, materials may conduct electrons and/or ions.
Figure 1.1 depicts categories of materials used in solid-state ionics and solid-state electronics, based on the
relative magnitudes of conductivity required for ions and electrons for various applications.1 While electronic
devices are based on conducting electrons, ionic devices such as batteries and fuel cell electrolytes conduct
ions. Mixed ion–electron conductors (MIECs) are materials that conduct both ions and electrons. Owing
to the simultaneous conduction of ions and electrons, MIECs are widely used in various electrochemical
systems, such as in electrodes for solid oxide fuel/electrolysis cells, gas sensors, permeation membranes, and
electrocatalysis. For practical applications, MIECs should exhibit both ionic and electronic conductivities
higher than ∼10−4 S/cm.2
MIECs can be used as electrodes in solid oxide fuel cells (SOFCs). SOFCs are electrochemical devices that
convert chemical energy into electricity through a series of chemical reactions. Figure 1.2 depicts a schematic
diagram of a typical fuel cell system. SOFC consists of a cathode, an anode, and an electrolyte. Under
operating conditions, a reduction (gain of electrons) of oxygen gas into oxygen ions takes place at the cathode
according to 12O2 + 2e
− → O2−. The negatively charged ions then are transported through the solid oxide
electrolyte to the anode, where they oxidize (loss of electrons) hydrogen gas as O2−+H2 → H2O+2e−. During
the oxidation reaction, water and electrons are generated, and the electrons are lead back to the cathode via
an external circuit, producing electricity. The advantages of SOFCs include quite high efficiencies, negligible
pollution during operation, and long-term stability of solid materials.
1
Figure 1.1: Typical applications of ionic and electronic conductors. (Adapted from Ref.1)
Figure 1.2: Schematic diagram of a solid oxide fuel cell.
In addition to SOFCs that burn hydrogen fuel to produce water as a byproduct, MIECs also find use
in solid oxide electrolysis cells (SOECs), which undergo the reverse process. SOEC uses electricity to split
water and produce hydrogen gas that can be stored and used later as chemical fuel. Electricity storage at
large scales is required to sustain ongoing transition of electricity generation from conventional fossil fuels to
intermittent renewable energy sources such as solar and wind. The combination of SOFC and SOEC in the
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form of a reversible solid oxide cell (ReSOC), where the SOC is switched between fuel cell and electrolysis
operation (storage during the day when overproducing, generation at night or when the sun is not shining)
is one route to achieve the needed storage capacity. ReSOCs can use electricity to convert H2O and CO2
into H2, CO and O2 (electrolysis mode) and produce power by the reverse process (fuel cell mode). ReSOCs
combined with subsurface gas storage, as illustrated in Figure 1.3, may offer a technologically viable approach
to energy storage at large scales, with estimated round trip costs comparable to pumped hydro and round
trip efficiencies exceeding 70%.3
Figure 1.3: Schematic diagram of a large-scale electricity storage system combining a reversible solid oxide
cell with subsurface gas storages. (Reprinted with permission from S. H. Jensen, C. Graves, M. Mogensen,
C. Wendel, R. Braun, G. Hughes, Z. Gao, S. and A. Barnett, Energy Environ. Sci. 8, 2471-2479, 2015.
Copyright 2015 RSC Publishing.)
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However, before these emerging technologies can be adopted at global scales, improvements in materials
to enhance efficiency and durability are needed. In particular, the required high operating temperature for
SOFCs and SOECs up to 1000◦C results in slow start-up time, waste heat, and mechanical and chemical
compatibility issues when selecting materials for each component. In recent years, a large number of studies
have been performed to develop SOCs that operate in an intermediate temperature range around 600–
800◦C.4,5 Lowering the operating temperature can reduce operating costs, improve material durability, and
extend the range of acceptable materials used in the cell construction. However, the performance of SOCs
deteriorates with decreasing operating temperature because chemical reactions and ion and electron transport
are principally thermally activated. This effect is most pronounced for the oxygen reduction reaction, which
becomes rate-determining at low temperatures.6,7 Therefore, developing promising electrode materials that
can maintain an acceptable oxygen reduction rate even at low temperatures is necessary to retain overall
high cell efficiency.
The use of MIECs as oxygen electrode materials affords many advantages, such as a high oxygen exchange
rate and a large active area for oxygen reduction. As a minimum requirement, the materials must possess
a high concentration of charge carriers and electrical conductivity. The oxygen anions reduced from oxygen
molecules are incorporated into the lattice at the electrode, with the reaction described as 12O2 +2e
′+V··O →
O×O in Kröger-Vink notation. As shown, free electrons should be readily available from the oxygen electrode to
facilitate oxygen molecule dissociation. Also, oxygen electrode materials should have high ionic conductivity
to promote the reduction process. If the material is a purely electronic conductor, the reduction occurs only
at the triple-phase boundary (TPB), where the electrode, oxygen gas, and electrolyte meet. However, if the
material is a mixed conductor, the reaction sites are not limited to TPBs but rather the entire electrode
surface because oxygen ions can diffuse through the electrode to the electrolyte. Therefore, the design of
MIECs is critical to developing intermediate temperature SOCs.
1.2 STF Material System
It is not easy to design materials that are good conductors of both ions and electrons. One possible design
strategy for MIECs is to combine (form a mixture of) an electronic conductor and an ionic conductor.
These types of MIECs are desirable for the ability to potentially tune conducting properties for specific
applications by adjusting the compositions. SrTi1−xFexO3−d (STF), which was designed as a promising
cathode material for intermediate-temperature fuel cells,8,9 is a classic example of such a system. STF can
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be thought of as a mixture of two end-member compounds, strontium titanate (SrTiO3) and strontium ferrite
(Sr2Fe2O5), as depicted in Figure 1.4. Perovskite SrTiO3 is a wide band gap semiconductor,
10,11 whereas
disordered Sr2Fe2O5 is an MIEC.
12,13 However, Sr2Fe2O5 undergoes a phase transition below 1100 K, from
a disordered to an ordered brownmillerite structure, thereby limiting its application.14,15 The ordering of
oxygen vacancies forms alternating layers of FeO6 octahedra and FeO4 tetrahedra; thus, ionic mobility is
restricted.16 However, the coexistence of Ti and Fe stabilizes the disordered state; hence, iron-rich STF can
maintain mixed conductivity under a wide range of thermodynamic conditions.17
Figure 1.4: Conventional ABO3 perovskite unit cell (top panel). Atomic models of perovskite SrTiO3,
SrTi1−xFexO3−x/2 (STF), and brownmillerite Sr2Fe2O5 supercells (bottom panel).
One driving force to study STF is the opportunity to tailor their conducting properties by controlling the
chemical compositions and atomic structures.7 The full range of compositions spanning from x = 0 (fully Ti)
to x = 1 (fully Fe) are possible under a wide temperature and range of oxygen partial pressure. As shown in
Figure 1.5(a), an oxygen electrode STF demonstrates a quite reasonable surface exchange with area-specific
resistance lower than that of (La,Sr)(Co,Fe)O3−d (LSCF).
18 As the Fe content increases from 5% to 100%,
the surface exchange kinetics can approach that of high-performing material (Ba,Sr)(Co,Fe)O3−d (BSCF).
Meanwhile, Figure 1.5(b) characterizes the total conductivity of STF for different Ti/Fe concentrations under
5
Figure 1.5: (a) Temperature dependence of area specific resistance R of STF with different compositions.
R indicates rate of surface oxygen exchange.18 (Reprinted with permission from W. Jung, H. L. Tuller,
Adv. Energy Mater. 1, 1184-1191, 2011. Copyright 2011 WILEY-VCH) (b) Total conductivity σ, including
electron and ion contribution, as a function of oxygen partial pressure p(O2) for different STF compositions.
19
(Reprinted with permission from A. Rothschild, W. Menesklou, H. L. Tuller, E. Ivers-Tiffée, Chem. Mater.
18, 3651-3659, 2006. Copyright 2006 American Chemical Society)
different oxygen partial pressures.19 The overall conductivity enhances with the iron content increases from
1% to 100%, and it is possible to systematically vary the composition and oxygen partial pressure to achieve
n-type, ionic, or p-type dominant conduction. Since vacancies assist oxygen ion transport in STF, the high
vacancy concentration is a key aspect of enabling high ionic conductivity.
1.3 Challenges
The work presented in this thesis constitutes a detailed investigation of the structure–property relations
of model mixed conductor STF. STF serves as a good benchmark, as it is the extensively characterized
system. Perovskite derivatives such as STF are particularly attractive mixed-conducting materials because
of their compositional variety and structural stability.6 Perovskite oxides with the general formula ABO3
can accommodate various atomic species on the A and B sublattices, where A-site is occupied by an alkali
or alkaline earth metal cation, and the B-site is occupied by a transition metal cation. Each sublattice can
contain substitutional cation species over extensive composition ranges while maintaining the host struc-
ture.20 In STF, for instance, it is reported that the cubic perovskite structure of SrTiO3 is maintained, even
at extremely high degrees of Fe substitution.21,22 Other perovskite-based materials include (La,Sr)MnO3−d,
(La,Sr)CoO3−d, (La,Sr)(Ti,Fe)O3−d, (La,Sr)(Co,Fe)O3−d, and (Ba,Sr)(Co,Fe)O3−d. The compositional va-
riety leads to an ability to control the atomic and electronic structure. Since electronic and ionic conducting
mechanisms are often attributed to the electronic and atomic structures of the material, developing robust
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computational methods to discern these is essential to facilitate the material design and optimization for
MIECs.
The development of MIECs requires an in-depth understanding of the relationship between the atomic
composition and the conducting properties. The trends shown in Figure 1.5 are the types of properties that
ideally could be predicted by accurate and computationally efficient methods. However, studies that focus
on quantitative analyses of structure–property relationships are limited, even for commonly used materials.
The main challenges arise from the complexity of the disordered atomic configurations and the need to go
beyond dilute descriptions. Most previous computational studies of MIECs rely on a model system that
involves dilute levels of substitution. Computationally, this is modeled by introducing one substitutional
atom into a host supercell. This model cannot cover the wide composition range of materials including
perovskite derivatives since concentrations of substitutional atoms are not dilute in practice, and the effects
of oxygen content on the atomic and electronic structure are not captured. Above the dilute limit, where
compositional variations can be sampled by substituting atoms into the supercell, several configurations are
possible for the distribution of constituent atoms. Additionally, mixed conducting materials with tunable
physical properties take the form of disordered solid solutions.23 Therefore, different atomic configurations
should be examined efficiently to overcome the computational challenge of the large configuration space for
these nondilute disordered systems.
STF is a multisublattice system, which has three sublattices: A, B, and O. Here, B and O contain two
atomic species each, i.e., Ti and Fe on the B-site, and O and oxygen vacancies (VOs) on the O-site. STF is
a disordered alloy with no long-range order of Ti/Fe ions or VOs.
24,25 Computationally, the compositional
variations of STF are sampled by substituting Ti with Fe and introducing VO to the SrTiO3 supercell.
Since atoms are not orderly arranged, a significantly large number of atomic configurations are possible by
distributing Ti/Fe atoms and O/VO. Moreover, a potential presence of short-range order between transition
metal cations and VO adds complexity in disordered atomic modeling.
In terms of ion transport, the movement of oxygen ions in STF occurs via vacancy-mediated hopping26
as illustrated schematically in Figure 1.6. The oxygen ion can jump to a neighboring oxygen site if the target
site is not already occupied by other ions, and after the jump, the original site becomes vacant. For ordered
materials like SrTiO3, oxygen vacancies transport through symmetrically equivalent diffusion networks (top
panel of Figure 1.6). Since the oxygen hopping rate depends on a single energy barrier and a prefactor, the
diffusion coefficient follows a simple Arrhenius relation. On the other hand, in disordered materials like STF,
7
Figure 1.6: Oxygen ion hopping landscape in crystalline vs. disordered materials.
the oxygen ion is transported along a diffusion network surrounded by varying local atomic arrangements
(bottom panel of Figure 1.6). The site and transition energies vary between available sites and transitions
due to inequivalent ionic interactions. Therefore, the ionic diffusivity should be determined as a summation
of all possible diffusion networks with varying energies and rates.
In addition to disordered atomic configurations, there exist additional features that make it difficult to
predict the diffusivity in STF. Yttria-stabilized zirconia (YSZ) is an ion-conducting material commercially
used as a solid electrolyte, and its ionic diffusion is characterized well.27–30 In YSZ, the diffusing atom
undergoes a relatively straight reaction pathway; thus the activation barrier depends on a few ions in the
middle of the reaction pathway. In contrast, in perovskite structured STF, the oxygen ion migrates to the
nearest vacant site via a curved route. Hence, not only the nearest ions but also many ions around the
hopping VO are involved in determining the transition energy barrier. Additionally due to the large VO
concentration, the barrier also depends on the presence of near vacant oxygen sites. Consequently, it is
difficult to calculate the overall diffusion rate of the oxygen ion because the jump rate of each depends on
varying local atomic configurations, and the jump rate itself is hard to predict from the local configurations.
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1.4 Objectives
The work presented in this thesis is concerned with advancing the state-of-the-art in the computational
modeling and simulation of disordered materials. The objectives are
• Elucidate the atomic and electronic structure of perovskite-derivative compound STF.
• Develop comprehensive computational approaches that can overcome the complexity of the disordered
multisublattice STF system to generate realistic representations of configurations accounting for com-
position and thermodynamic environment.
• Demonstrate a reliable method for predicting the relationship between composition and ionic conduct-
ing characteristics of STF.
Chapter 3 presents a computational model for STF by considering it as a mixture of perovskite SrTiO3
and brownmillerite Sr2Fe2O5. The SrTi1−xFexO3−x/2 framework is adopted to describe STF and consider
how properties of STF emerge from this perspective. Using this framework for STF, the atomic and electronic
structure of STF are modeled using first-principles density functional theory to establish how they relate to
those of the two end-member compounds.
Chapter 4 presents an improved cluster expansion method for multisublattice systems such as ionic
materials. The proposed method defines a cluster along with chemical species that occupy atomic sites
related to the cluster. This formalism enables one to distinguish meaningful interactions among atoms in
different sublattices, and thus it provides a systematic improvement over the traditional method in terms of
accuracy and interpretability. From the multisublattice cluster expansion study of STF, the variation in the
physical properties of the system are understood in terms of the configurational behavior of the constituent
cations and anions, which are partitioned into two interacting sublattices.
Chapter 5 presents a first-principles formalism that enables calculation of ionic diffusivity and con-
ductivity of solid solutions exhibiting configurational disorder. Transport calculations are done on atomic
configurations sampled from multisublattice cluster expansion and Monte Carlo simulation at specific ther-
modynamic environments, rather than on random atomic distributions. The oxygen diffusivity is obtained
from the steady-state solution of the master diffusion equations, which efficiently handles correlations re-
sulting from varying hopping rates in disordered materials. This formalism is applied to STF to calculate
the oxygen ion diffusivity and the conductivity across the full composition range.
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The principal methods used in this work are first-principles density functional theory, cluster expansion,
and direct solution approaches to the master diffusion equations to obtain ion transport coefficients. In this
chapter, some of the fundamental aspects of these methods and approaches are described briefly. Specific
details about implementation are explained elsewhere as needed.
2.1 Density Functional Theory
Quantum mechanics – the physics of interacting particles – provides a way to fundamentally describe
properties of materials given information about atoms present. The governing equation of quantum mechan-
ics is the Schrödinger equation, a linear equation that must be solved for a multi-dimensional wave function.
In practice, the Schrödinger equation cannot be solved exactly except in simplest cases, and the solution
must be approximated. While several methods to approximate solutions exist, the density functional theory
is currently a workhorse method of the computational materials community.
Density functional theory (DFT) is an approach to solving an approximate form of the Schrödinger equa-
tion. The time-independent form of the Schrödinger equation can be written as an eigenvalue/eigenfunction
system of equations, HΨ = EΨ, where H is the Hamiltonian operator, and Ψ is eigenstates of the Hamil-
tonian. The Hamiltonian depends on the physical system (types of atoms present and their positions)
being described by the equation. The system we are often interested in contains multiple atoms (nuclei
and electrons), which are interacting with each other. Since electrons are much lighter than nuclei, the
Born-Oppenheimer approximation describes the electrons after fixing the position of nuclei, which generate
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Ψ = EΨ (2.1)
where E is the ground-state energy of the electrons, and Ψ is the wave function, which is a function of the
spatial coordinates r of all individual electrons. The three terms in the bracket represent kinetic energy
of the electrons, interaction energy between the electrons and the nuclei, and interaction energy between
electrons. Solving this equation is a formidable task because materials in practice contain a vast number of
electrons. Also, as described in the third term, this equation is a many-body problem, meaning that each
electron interacts with the other electrons.
Even in this reduced form, the wave function is difficult to determine due to its high-dimensional nature.
DFT provides a systematic way to map the many-body problem onto an effective single-body problem. DFT
is based on the two Hohenberg–Kohn theorems.31 The first theorem states that the ground-state properties,
including the energy of a many-electron system, are a unique functional of the total electron density, a
quantity that depends on only three spatial coordinates. This provides a groundwork for reducing the
many-body problem by instead finding an approach to solve for the electron density. The second theorem
proves that the true ground-state electron density minimizes the energy of the functional. The theorem
describes the energy functional of the electron density n as E(n) = Eknown(n) + EXC(n). The Eknown term
includes four contributions: kinetic energy of the electron, interaction energy between the electron and the
nuclei, interaction energy between electrons, and interactions between nuclei. The EXC is the exchange-
correlation functional, and it includes all quantum mechanical contributions not included in the Eknown. If
this functional was known (its exact form is not known), a successful minimization of the energy from the
functional would yield the ground-state electron density.
The Hohenberg–Kohn theorem was further developed to produce the form of DFT known as the Kohn–
Sham DFT, the most commonly used invocation.32 Within this framework, the many-body problem of
interacting electrons in the static potential V is reduced to a simpler single-particle equation involving a




∇2 + V (r) + VH(r) + VXC(r)
]
ψi(r) = εiψi(r) (2.2)
Here, ψi is a single-electron wave function that only depends on three spatial variables. The Hamiltonian
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contains three potentials: the known potential V for the interaction between the electron and the nuclei,
the Hartree potential VH, and the exchange-correlation potential VXC. The Hartree potential defines the
interaction between the electron being considered in the equation and the total electron density. The exact
form of the exchange-correlation functional EXC is unknown, but several approximations are available, such
as a local density approximation and generalized gradient approximation.33–35 Since the Hartree potential
can be calculated from the total electron density, and the electron density is collectively defined by the
single-electron wave function, the Kohn–Sham equation can be solved iteratively. This approach in practice
is quite accurate and provides ground-state total energies and charge densities for a system of atoms. In
Chapters 3, 4, and 5, DFT is used as the underlying computational engine to determine the energies of
configurations of atoms in STF.
2.2 Cluster Expansion
The cluster expansion (CE)36,37 method is a higher-level approach to predicting total energies of con-
figurations of atoms. While ideally, DFT could be used to determine energy of arbitrary configurations, in
practice, DFT is limited to a finite number of calculations involving a small number of atoms due to its
computational cost. The CE method, by contrast, can estimate the total energy of a large configuration of
atoms in a few seconds once it has been constructed. This enables the use of various statistical techniques,
including Monte Carlo (MC) simulations on lattice models,38 to obtain the material properties of interest
as a function of thermodynamic conditions. The CE-MC formalism has extensively been used to model a
broad class of materials from simple substitutional binary metals to complex multisublattice solid solutions,
to access thermodynamic properties.
CE builds a simplified Hamiltonian that can accurately reproduce first-principles calculation results, such
as DFT configuration energies. As indicated by its name, the CE method expands the total energy of a
system of atoms in terms of a sum over small clusters of atoms (the basis sets or building blocks) that
appear in the configuration. CE can be made exact in principle if an infinite number of clusters are used,
but practically one needs to select the most important clusters by fitting CE energies to those from more
accurate methods (DFT) and ensure against overfitting. The CE method will be described in greater detail
in Chapter 4 and 5, where it is applied to STF system for predicting enthalpy of mixing and transition
barrier energy in terms of atomic configurations of the system.
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2.3 Master Equation Approach to Diffusivity
Building upwards from CE, an approach to estimate ion transport coefficients such as oxygen ion diffu-
sivity is needed. The diffusivity is most commonly calculated using stochastic approaches such as molecular
dynamics or kinetic Monte Carlo (KMC),38 which simulate trajectories of tracer particles. KMC simulates
time evolution of a system, where processes occur with known rates. The transition rates among states
should be provided in advance to use KMC, and they are often obtained from other methods such as exper-
iments or DFT calculations. In diffusion studies, KMC is carried out on atomic lattices. For example, for
simulation of vacancy diffusion in alloys, a vacancy is allowed to jump around the lattice sites with rates that
depend on a local atomic configuration. The simulation generates pathways of the vacancy, and stochastic
averages of quantities, such as mean square displacement, converge as the trajectories become longer. How-
ever, the application of KMC can be challenging if there exists significant correlations between jumps due
to a large difference in transition rates among diffusion networks. In this case, obtaining sufficient statistics
by sampling requires multiple evaluations and long simulation steps to reduce variance of the results. For
disordered systems that exhibit variations in the degree of short-range order present, the sampling problem
becomes even more involved.
As an alternative to stochastic methods, the oxygen diffusivity can be obtained by assembling and then
solving the steady-state master diffusion equations. This is the method adopted in Chapter 5 for calculating
diffusivity in disordered STF systems. This method inherently accounts for the effects of correlation, and
thus it can efficiently handle correlations due to a large difference of hopping rates in disordered materials.





which relate forces X and flows J in thermodynamic systems out of equilibrium. Diffusion is a specific case
of these generalized relations, where the force is a gradient in electrochemical potential, J is the flux of the
diffusing species, and the diffusion tensor D is the constant of proportionality (Onsager coefficient L).
The master diffusion equations constitute a set of phenomenological first-order differential equations
describing the time evolution of the probability of a system to occupy each one of a discrete set of states
with regard to a continuous time. Given a system that can adopt many different configurations, the time
evolution of the system can be thought of in terms of transition rates into and out of each particular
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W (χ′ → χ)P (χ′, t)−W (χ→ χ′)P (χ, t) (2.4)
describes the time evolution of the system. Here χ denotes a particular configuration of atoms distributed
on the lattice, and P (χ, t) denotes the probability of finding the system in state χ at time t, and W (χ→ χ′)
is the transition rate from state χ to χ′. Under the general assumptions that (i) microstates are well-
defined, (ii) sampled states thermalize before the system transitions out, and (iii) processes are Markovian
or memoryless, the rate equation above describes how the probability P evolves in time.
Components of the diffusion tensor D can be obtained by finding steady state solutions to the master
diffusion equation.39–41 Configurations are defined by the occupations of atoms on a well-defined set of
lattice sites. When one species hops site i to j, the rate of the elementary process is defined as ρiλi→j .
The probability of the site occupancy ρi is proportional to the site energy ∆E as exp(−∆Ei/kBT ), and the
transition rate λi→j is proportional to the transition energy ∆Eij as exp(−∆Eij/kBT ). The solution for
the diffusivity tensor D can be directly written down by applying detailed balance ρiλi→j = ρjλj→i. The






δxi→j ⊗ δxi→jλi→jρi +
∑
i
bi ⊗ γi (2.5)
where δxi→j is a displacement of the hopping atom, and bi and γi are scaled velocity vector and bias








The bias-correction vector γi solves ∑
j







λij : i 6= j
−
∑
j λij : i = j
(2.9)
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The first and second terms in Equation 2.5 represent the contributions from an uncorrelated and a correlated
diffusivity, respectively. The correlated diffusivity accounts for the contribution of correlated jumps due to
the unbalanced ionic interactions resulting from the varying local atomic environment. The scaled velocity
vector is non-zero when there are unbalanced jumps. Similar to ρi and λi→j , bi, and γi are determined by
the site and transition energies. Hence, we can solve Equation 2.5 to obtain the diffusion coefficient if all the
symmetrically distinct sites and the transition energies of the disordered system are known. Practically, all
that is needed is to enumerate all possible configurations and transition rates between configurations for the
atomic system under consideration. In Chapter 5, diffusion coefficients of oxygen ions in STF are calculated
by solving Equation 2.5 using site and transition energies obtained from developed CE models.
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Chapter 3
Computational Modeling of the STF
Material System
This chapter describes the electronic properties of iron-substituted strontium titanate according to den-
sity functional theory simulations. Due to the complex nature of STF as a transition metal oxide, density
functional theory simulations should be carefully calibrated and assessed to optimize their predictive capa-
bility. A detailed assessment of the electronic structure of STF is presented, and the predicted properties
including density of states, oxidation state of transition metals, stoichiometry, tendency for short-ranged
ordering, and optical response is compared to what is experimentally known. This understanding of the
electronic structure of STF serves as a basis for the cluster expansion and diffusion model developed in
subsequent chapters.
Portions of this chapter have been published in:
• Namhoon Kim, Nicola H. Perry, and Elif Ertekin. “Atomic modeling and electronic structure of mixed
ionic-electronic conductor SrTi1−xFexO3−x/2+δ considered as a mixture of SrTiO3 and Sr2Fe2O5,”
Chemistry of Materials 31, 233-243, 2019.
and are reproduced here verbatim with permission (Reprinted with permission from N. Kim, N. H. Perry,
and E. Ertekin, Chem. Mater. 31, 233-243, 2019. Copyright 2019 American Chemical Society.).
3.1 Abstract
As mixed ionic–electronic conductors (MIECs), ABO3 perovskite oxides and derivative compounds are
candidates for applications such as solid oxide fuel and electrolysis cells. Understanding the atomic config-
urations and electronic structure of MIECs is important because they form the basis of ionic and electronic
conductivities; but it is challenging because the materials tend to be non-dilute systems with substan-
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tial partial occupancies of the perovskite sublattices. In this work, we present a computational model for
Fe-substituted SrTiO3 (STF, SrTi1−xFexO3−x/2+δ), a representative perovskite-derivative MIEC, by con-
sidering it as a mixture of perovskite SrTiO3 (x = 0, δ = 0) and brownmillerite Sr2Fe2O5 (x = 1, δ = 0).
Our model accounts for disorder in the form of Ti and Fe species on the perovskite B-site sublattice and
of O atoms and vacancies VO on the oxygen sublattice. The defect chemistry and electronic structure of
STF across the full composition range 0 ≤ x ≤ 1 and for small |δ| is addressed within the framework of
first-principles density functional theory. We find that this model of the STF solid solution reproduces ex-
perimentally known features such as short-range ordering between Fe and VO and thermodynamic influence
on oxygen content in STF. We illustrate how the electronic structure of STF systematically evolves from
the characteristics of end-member compounds SrTiO3 and Sr2Fe2O5, and establish the effects of non-zero δ
on the type of electronic carriers present. These findings confirm that the SrTi1−xFexO3−x/2+δ framework
is a useful description for this material system, providing a systematic understanding of structure–property
relations in the nondilute perovskite mixture. Although this work focuses on STF, the underlying approach
may be applicable to other mixtures of perovskite oxides and ordered oxygen vacancy compounds.
3.2 Introduction
Mixed ionic–electronic conductors (MIECs) play an important role in various electrochemical systems
such as solid oxide fuel and electrolysis cells. Controlling the atomic and electronic structures of these
materials is important because they form the basis of ionic and electronic conductivities.7 Perovskite oxides,
derivative compounds, and their mixtures often form MIECs because their compositional variety leads to
an ability to control the atomic and electronic structure.6,20 Perovskites with general formula ABO3 can
accommodate various atomic species, where the A-site is typically occupied by an alkaline or rare earth
cation and the B-site is occupied by a transition metal cation. Moreover, the flexibility to accommodate
partial substitutions on the A and/or B sublattices with cations of different valences provides a mechanism
for tailoring ionic and electronic transport.6,42 One representative example is SrTi1−xFexO3−y (STF), in
which the B-site titanium atoms in the perovskite strontium titanate (SrTiO3) are partially replaced by
iron. STF is a functional material with a large mixed ionic–electronic conductivity, and thus has potential
in a wide range of applications, including as cathodes4,9, 18,43–45 and anodes5,45,46 for solid oxide fuel cells,
gas sensors,5,47–50 permeation membranes,51–53 and catalysts.54–56
STF forms a continuous solid solution over the entire composition range of 0 ≤ x ≤ 1.17 At low x
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(x < 0.01), the material can be thought of as Fe-doped SrTiO3. As substitution of Ti
4+ by Fe3+ enhances
the hole and oxygen vacancy concentrations, Fe-doped SrTiO3 behaves as an acceptor-doped large band
gap material with enhanced electronic conductivity.57 For dilute Fe, even though both holes and oxygen
vacancies can compensate for Fe, the electronic conductivity often outweighs the ionic conductivity because
the electronic mobility is much higher. On the other hand, at high x (0.1 < x), the material becomes a
good MIEC.9,18,19,58,59 The multivalent Fe species form an impurity band that broadens and participates in
electronic conduction for Fe concentrations exceeding 3%.19,60 Moreover, the degree of oxygen deficiency y
typically increases with x, the amount of Fe introduced, because the difference in the oxidation state between
Ti+4 and Fe+3 can be compensated ionically by oxygen vacancy (VO) formation to maintain charge neutral-
ity.19 Oxygen ion motion in STF occurs by a vacancy hopping mechanism, and consequently, an increase of
the Fe concentration generally promotes oxygen ion transport through vacancy sites.53,58 Therefore, with
a reasonable amount of Fe, STF exhibits both significant ionic and electronic conductivities.19,22 Several
studies have focused on establishing the mixed conducting properties of STF as a function of Fe concen-
tration,57,58 and experiments have revealed the material characteristics of STF such as electronic structure
and magnetism,19,57,58,61,62 surface oxygen exchange kinetics,22,59,63,64 local atomic structure,57,60–63 and
oxygen nonstoichiometry.65,66
There are also a large number of thermodynamic defect chemical models19,59,66 and computational
investigations57,62,67–71 of the ionic and electronic properties of STF. Despite the progress, the electronic
structure of STF remains not well-understood. In particular, there have been lengthy discussions on the
oxidation state of Fe in bulk STF and the energy levels of the Fe bands relative to the valence or conduction
band and their role in the reduced STF band gap.19,62 The main shortcoming of most previous studies to date
is the reliance on a model system involving dilute levels of substitutional Fe in SrTiO3. Computationally,
this is modeled by introducing one Fe atom into SrTiO3 supercell. This model cannot cover the wide
composition range of STF because Fe concentrations are not dilute in practice, and the effects of oxygen
content on the electronic structure are not captured. To overcome these drawbacks, here we instead adopted
a previously suggested19 SrTi1−xFexO3−x/2+δ (y = x/2 − δ) framework to describe STF and consider how
the properties of STF emerge from this perspective. Within this composition space, the special case of
δ = 0 represents the so-called “reference composition” of STF given by SrTi1−xFexO3−x/2. To maintain the
reference composition, every two Fe atoms introduced are compensated by the introduction of one VO (the
Fe atoms introduced are fully ionically compensated). As x varies in the range 0 ≤ x ≤ 1, the reference
compositions then correspond to a smooth transition between SrTiO3 and Sr2Fe2O5, nominally enabling
oxidation states for Ti4+ and Fe3+, respectively. Then, according to this description of STF, the atomic and
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electronic characteristics of STF are explained as being a mixture between the two end-member compounds,
SrTiO3 (x = 0) and strontium ferrite, Sr2Fe2O5 (x = 1).
Using this framework for STF, we model the defect chemistry and electronic structure using first-
principles density functional theory (DFT)31,32 and establish how they relate to those of the end members.
First, we develop a computational model to simulate more realistic configurations. STF was reported as a
solid solution without any long-range ordering of Ti/Fe ions or of VO.
19,60 To overcome the computational
challenge of the large configuration space for these nondilute systems, different configurations of Ti/Fe on
the B-site sublattice and O/VO on the oxygen sublattice are considered. We find that Fe–VO–Fe chains
represent low-energy configurations amongst all possible ways of distributing Fe and VO in the lattice sites
and that such configurations are adequate to describe the electronic structure of the low-energy states of
the real material system. Second, the defect chemistry and electronic structure of STF are evaluated with
DFT calculations, and the dependence of the electronic structure of STF on the Fe and VO composition
is analyzed. The oxidation state of Fe is discussed when the system is oxidized or reduced relative to the
reference composition δ = 0, and the role of Fe in reducing the band gap is elucidated by induced bands
near the valence and conduction bands. Our computational framework reproduces many experimentally
known features of STF, such as X-ray absorption spectroscopy detection of Fe–VO complexes, thermogravi-
metric measurements of oxygen content, and optical absorption measurements of band gap reduction upon
increasing Fe content.
3.3 Methods
To address the complexity of the disordered solid solution, we first simulated SrTiO3 and Sr2Fe2O5
to establish the features of the end-member compounds. The corresponding atomic models are shown in
Figure 3.1. A 3× 3× 3 SrTiO3 supercell is shown on the left, and a 2× 2× 1 Sr2Fe2O5 supercell is shown
on the right. The STF model shown in the middle will be discussed in the following section. SrTiO3
exhibits the simple cubic perovskite structure, and the Sr A-sites show 12-fold coordination with oxygen
anions, whereas the Ti B-sites show 6-fold octahedral coordination. On the other hand, Sr2Fe2O5 adopts
a brownmillerite structure with a general formula of A2B2O5. Brownmillerite is a perovskite-like structure
with a large degree of ordered oxygen vacancies. The ordering of the vacancies makes alternating layers
of BO6 octahedra and BO4 tetrahedra.
72 Sr2Fe2O5 undergoes a phase transition to a disordered vacancy
structure around 850◦C.73,74
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Figure 3.1: Atomic models of SrTiO3 (left), SrTi1−xFexO3−x/2 (middle), and Sr2Fe2O5 (right) are shown.
The position of an oxygen vacancy in SrTi1−xFexO3−x/2 is indicated as a red dotted circle.
The first-principles electronic structure simulations were performed within the framework of DFT. Our
simulations invoke the Vienna Ab-Initio Simulation Package,75,76 and projector-augmented wave pseudopo-
tentials77,78 are used to remove the inert core electrons. Spin-polarization is included. For structural
geometry relaxation, the positions of all the atoms are relaxed until the force on each atom is less than 0.01
eV/Å. All numerical results reported are converged to the number of significant digits shown with respect
to Brillouin zone sampling and plane wave basis set cutoff.
Within DFT, several approximations to the exchange-correlation functional are available nowadays, in-
cluding conventional functionals,34,35 DFT + U ,79,80 and hybrid functionals.81–83 None of these are expected
to perfectly reproduce all aspects of the complicated material system. The selection of exchange-correlation
functional can result in somewhat systematic errors to the degree of localization of the electronic states,
and as a result, magnetic moments and band gaps are not necessarily predicted well. These considerations
are crucial for modeling STF because Fe has a large number of localized 3d electrons, which interact and
hybridize with oxygen atoms upon bonding. Hybrid exchange-correlation functionals often improve the de-
scription of localized electronic states,84,85 which has been shown to be the case for SrTiO3 and Fe-doped
SrTiO3.
67,71 However, they are computationally intractable for the STF system, because our simulations
involve several disordered configurations of large supercells and also require energy-minimizing geometry
relaxations. The DFT + U approach has been applied to transition metals to treat the strong on-site
Coulomb interaction of localized electrons,86,87 offering a compromise between accuracy and computational
efficiency. Therefore, we first calculated the electronic structure of both end-member compounds by hybrid
DFT (which we take here as the best available theory), and used the results to calibrate U parameters to
be used for subsequent simulations.
22
Figure 3.2: Projected DOS for unit cells of SrTiO3 and Sr2Fe2O5 calculated by DFT with hybrid HSE06
or PBE + U functional. The green, blue, red, and black lines are projected states of Sr, Ti, Fe, and O,
respectively.
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We tested the dependence of the band gap and the magnetic moment of Fe atoms on the parameter U .
The Hubbard parameter U adjusts the strength of the on-site electron–electron interaction, resulting in a
more localized description of electronic states better suited for many transition metals.80 Figure 3.2 compares
the projected density of states (DOS) for unit cells of SrTiO3 and Sr2Fe2O5 calculated by screened exchange
hybrid Heyd–Scuseria–Ernzerhof (HSE06)81–83 and Perdew–Burke–Ernzerhof (PBE + U)34,35 functionals.
The dotted line at zero energy is set at the highest occupied energy level in all cases, obtained directly from
the occupations of the DFT eigenvalues (Kohn–Sham energies). Among different possible combinations of U
for Ti 3d and Fe 3d states, we found that selecting U = 3 eV for Ti and U = 5 eV for Fe in PBE + U recovers
the important features of the electronic structure of the projected DOS compared to HSE06. (Note that we
choose not to match the absolute value of the band gap, as this requires unphysically large values of U and
distorts the electronic structure.) Figure 3.2a,b show the DOS for SrTiO3 calculated by HSE06 and PBE +
U . The end-member SrTiO3 is a typical band insulator. The band gap appears across a set of states largely
composed of O 2p orbitals (valence band) and a set of states largely composed of Ti 3d orbitals (conduction
band). The gap appears across oxygen 2p valence bands and transition metal 3d conduction bands, as is
common in transition metal oxides.71 Figure 3.2c,d show the DOS calculated by HSE06 and PBE + U for
Sr2Fe2O5, which is spin-polarized, and exhibits a more complex electronic structure. The formal charge of
iron is Fe3+, corresponding to a high-spin d5 configuration.88 This is evident in the DOS, which shows a
large spin splitting between the Fe 3d orbitals. In the majority spin, the 3d orbitals are completely filled,
and lie well below the valence band, which is composed of O 2p orbitals. In the minority spin, the 3d orbitals
are completely empty and form the conduction band.
Table 3.1 summarizes the band gap of SrTiO3 and Sr2Fe2O5 in comparison to experiments. Hybrid DFT
seems to reproduce the band gaps adequately, but the band gaps calculated by PBE functional or PBE +
U are considerably smaller than those obtained from experimental measurements. As expected, the gap
depends on the U parameter used. With UTi = 3 eV and UFe = 5 eV, the band gaps are underestimated by
∼1.1 eV for SrTiO3 and by ∼0.5 eV for Sr2Fe2O5. Even though the estimated band gaps are small, their
ratio is similar to the experimental ratio.
For additional calibration of simulation parameters, the magnetic moments of Fe ions in Sr2Fe2O5 were
calculated, and the results are shown in Table 3.2. With hybrid DFT, the spin magnitudes are 4.12 and 4.25
µB for octahedrally and tetrahedrally coordinated Fe, respectively. The Fe ions with tetrahedral coordination
of oxygen have higher spin magnitude. Interestingly, when the electronic structure of Sr2Fe2O5 is calculated
in PBE with U = 0, the trend is opposite: 3.84 µB for Fe ions in octahedra and 3.56 µB for Fe ions in
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Table 3.1: Band gaps of SrTiO3 and Sr2Fe2O5 calculated by DFT with PBE + U or HSE06 functional and
measured by experiments58,89 (unit: eV)
PBE PBE + U HSE06 experiments
SrTiO3 1.8 2.2 (UTi = 3) 3.2 3.2
Sr2Fe2O5 0.7 1.5 (UFe = 5) 2.3 2.0
Table 3.2: Spin magnitude of iron atoms in Sr2Fe2O5 octahedrally or tetrahedrally coordinated to oxygen
atoms calculated by DFT with PBE + U (unit: µB).
UFe = 0 UFe = 3 UFe = 5 HSE06
octahedron 3.84 4.11 4.27 4.12
tetrahedron 3.56 4.20 4.38 4.25
tetrahedra. Based on our tests, we found that U ≥ 3 eV is necessary to reproduce the relative ordering of
the magnetic moments according to the hybrid functional.
On the basis of these considerations, the results reported hereafter have been obtained with PBE + U
with UTi = 3 and UFe = 5, which appears to reasonably capture the physical trends in a computationally
tractable way.
Using these parameters, computational models of STF are generated starting from an SrTiO3 supercell.
Unlike dilute Fe-doped STF which can be modeled by substituting one Fe for one Ti atom into the supercell,
for a given STF composition, an appropriate number of Ti atoms are substituted by Fe atoms. To achieve the
reference composition, half as many oxygen atoms are removed from the supercell (fewer or more oxygen are
removed when considering compositions deviating from the reference). To select the particular configuration
for Fe substitution and oxygen vacancies among the large number of possibilities, we estimate the electrostatic
energy of different configurations using an ionic model and select the lowest energy configuration for further
analysis in DFT.
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3.4 Results and Discussion
3.4.1 Short-Range Ordering between Fe and O Vacancies
To obtain a good description of the electronic structure and related properties of STF, the first step is to
properly represent the configurations of the disordered material. A continuous series of STF compositions
between SrTiO3 and Sr2Fe2O5 have been reported experimentally, and structurally SrTi1−xFexO3−y retains
the perovskite lattice of SrTiO3, whereas the lattice constant varies significantly only when x ≈ 1.17,57
Therefore, computational models of STF are generated based on a 3 × 3 × 3 SrTiO3 supercell containing
135 atoms. The compositional variations of STF are sampled by substituting Ti with Fe and by introducing
VO to the SrTiO3 supercell. For example, for the STF system with x = 0.07 shown in the middle panel of
Figure 3.1, the supercell has two Fe atoms (brown) that replaced two Ti atoms (blue), and one VO present
(red dotted circle).
Figure 3.3: DFT-calculated energies of the SrTi1−xFexO3−x/2 (x = 0.07) supercell containing 135 atoms
with different atomic configurations plotted in ascending order. The energies are compared to the lowest
energy value. Corresponding atomic configurations only near Fe atoms are shown.
In general, for a given x, several configurations are possible for the distribution of Ti/Fe atoms in the
B-site sublattice and the distribution of oxygen vacancies VO in the oxygen sublattice. Before analyzing
larger degrees of Fe content, we first establish the features of a simpler system corresponding to a supercell
with only two substitutional Fe atoms and one VO, which represents the smallest perturbation of SrTiO3
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possible towards Sr2Fe2O5 while maintaining the reference composition. Insights obtained for this case
serve as a bridge to understanding larger degrees of Fe incorporation. Among the large number of possible
configurations in our 135 atom supercells containing two substitutional Fe atoms and one VO, 42 symmetry-
unique configurations were identified using the software Supercell.90,91 The total energy of the system
was calculated using DFT for all candidate configurations, and their relative stabilities were compared.
Figure 3.3 shows the relative energies of all 42 configurations. We found that the system with a Fe–VO–
Fe chain configuration, as shown in the middle panel of Figure 3.1 and in Figure 3.3(i), in which the O
vacancy is located between the two Fe atoms, is energetically the most favorable. The Fe–VO–Fe chain can
be thought of as a small local “patch” of Sr2Fe2O5 within SrTiO3. The energy of this configuration is 0.3
eV lower than the next lowest energy configuration, which contains a Fe–VO-Ti chain [Figure 3.3(ii)]. In
general, the energies of the configurations without Fe–VO [Figure 3.3(iii)] are 0.6 eV higher than those of the
system with Fe–VO–Fe, and the configurations become even less stable when two neighboring Fe atoms are
present without VO nearby [Figure 3.3(iv)]. These observations suggest a tendency for short-range ordering
of VO around Fe ions, consistent with other computational studies.
62,67,92 The presence of VO in the first
coordination shell of Fe ion has also been revealed through Fe K-edge X-ray absorption spectroscopy.60
Therefore, our results are consistent with experiments showing that Fe atoms are largely 5-fold coordinated,
whereas Ti atoms remain 6-fold coordinated.19
Despite that the Fe–VO–Fe configuration results in the lowest energy, we note that Fe ions could still
remain 6-fold coordinated in STF if either the composition varies from the reference value of δ = 0 or
simply due to entropy/configurational sampling. The presence of both 5-fold and 6-fold coordinated Fe
in STF has been observed by X-ray near edge structure methods.57,92 In reality, deviations from δ = 0
and/or configurational sampling can result in different degrees of 5-fold coordinated and 6-fold coordinated
Fe under different environments. The approach adopted in this work here onwards is to identify and highlight
the trends present in the low-energy configurations of STF, which can serve as a useful reference for the
experiment. However, we consider several examples of how the reported properties change for higher energy
configurations, most of which is reported in the Supporting Information.
To see how the presence of the isolated Fe–VO–Fe chain affects the electronic structure of the host SrTiO3,
Figure 3.4a shows a cross-sectional view of a plane containing the chain and Figure 3.4c shows the projected
DOS. The dotted line at zero energy indicates the highest occupied energy level. Similar to the DOS of host
SrTiO3 (Figure 3.2b), the completely filled valence band edge is largely composed of O 2p orbitals and the
completely empty conduction band edge is largely composed of Ti 3d orbitals. However, there is a small but
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Figure 3.4: Cross-sectional views of SrTiO3 containing (a) an Fe–VO–Fe chain and (b) an Fe–O–Fe chain,
corresponding to SrTi1−xFexO3−x/2+δ with x = 0.07, δ = 0 and x = 0.07, δ = 0.035, respectively. Projected
DOS for each composition are shown in (c,d) respectively. The yellow clouds shown in (b) represent the
total electron density of the empty states at the valence band maximum (VBM), which is indicated by an
arrow in (d).
nonzero degree of Fe 3d states mixed in at both the valence and conduction band edges. The DFT predicted
band gap reduces from 2.2 eV for SrTiO3 to 2.0 eV for the Fe concentration of 7% and VO concentration
of 3.5%. Meanwhile Figure 3.4b,d considers the case of Fe–O–Fe instead for comparison. Now the two Fe
ions are 6-fold coordinated, as opposed to 5-fold coordinated. The projected DOS of this model is shown
in Figure 3.4d, and again, the dotted line indicates the highest occupied energy level. The most distinctive
feature of the projected DOS is the presence of empty states at the valence band edge indicated by the black
arrow. When an oxygen atom is introduced to the vacancy site of the Fe–VO–Fe chain, the electronegative
oxygen atom pulls electrons away from the Fe atoms and towards itself. If the electrons were completely
transferred from the two neighboring Fe atoms to the O atom, this would result in well-defined Fe4+ and
O2− formal ionic charges. Instead, however, we observe only a partial charge transfer, corresponding to
hybridization of high-spin Fe states with oxygen partial holes. These redistributed electrons reside in the
highest occupied energy level below the VBM in the projected DOS. Because of the incomplete charge
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Table 3.3: Spin magnitude of iron atoms octahedrally or tetrahedrally coordinated to oxygen atoms in
Sr2Fe2O5, SrTi1−xFexO3−x/2 (x = 0.07), and SrFeO3 calculated by DFT with PBE + U (unit: µB).
Sr2Fe2O5 SrTi1−xFexO3−x/2 SrFeO3
(Fe3+) (Fe4+)
octahedron 4.38 4.34 (Fe–O–Fe) 3.95
tetrahedron 4.27 4.26 (Fe–VO–Fe)
transfer, the new oxygen atoms are not fully ionized in the 2− state, leaving the uppermost valence bands
empty. The charge density of the empty states is shown as yellow clouds in Figure 3.4b, and is localized
around the new O atom and the surrounding Fe atom.
There have been extensive discussions of the oxidation state of Fe in STF.19,57,60–62 Typically, the
oxidation state of Fe is indicated as Fe3+ when 5-fold coordinated and as Fe4+ when 6-fold coordinated by
oxygen ions.60,62,71 In experiment, Fe3+ is observed in STF under a range of pressures and temperatures,
and Fe4+ is observed when the sample is oxidized.19,57,60,62 Further, the material properties of STF, such
as electronic conductivity and optical absorption, are often attributed to and explained by the concentration
of Fe4+.59,67 Therefore, we investigated the oxidation state of Fe ions for Fe atoms in the Fe–VO–Fe and in
Fe–O–Fe configurations. To establish the oxidation state, we used the calculated magnetic moment of the
Fe atoms as there are problems71,88 with predicting the oxidation states using the Bader charge analysis.93
The magnetic moment of Fe in Fe–VO–Fe and Fe–O–Fe are 4.26 and 4.34 µB, respectively. By comparison,
the magnetic moment of Fe in Sr2Fe2O5 and SrFeO3 corresponding to Fe
3+ and Fe4+, respectively, are
∼(4.27,4.38) µB and 3.95 µB as shown in Table 3.3. Our calculated moments, as shown in Table 3.3, are
more similar to those of Sr2Fe2O5 for both 5- and 6-fold coordinated iron.
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The small difference in the oxidation state between Fe ions in 5-fold and 6-fold coordination can be
explained by the nature of the bonding between Fe and O. Consistent with the covalent character of the
Fe–O bond, the electrons appear to be shared by neighboring Fe and O atoms. Accordingly, the Fe atoms
exhibit effective charges slightly larger than +3 but smaller than +4 and an average charge of the oxygen
atom lower in magnitude than −2.58,60,70 Given this, we suggest that Fe4+ states reported in experimental
studies,57,60–62 at least for the case of dilute iron, may more accurately be described as empty states of
hybridized Fe–O bonding orbitals, which form the highest occupied energy levels and empty states at the
VBM. (The effect of these states on the electronic structure and band gap will be discussed later.)
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3.4.2 Dependence of Oxygen Content on the Thermodynamic Environment
To extend the modeling approach to higher Fe concentrations, it is critical to know not only the atomic
configurations but also the appropriate compositions, that is, how valid the concept of the reference compo-
sition is and how oxygen deficiency y in fact relates to the Fe content x in practice. The SrTi1−xFexO3−x/2
(y = x/2) reference composition was suggested as a suitable description of STF solid solution based on
electron counting of formal charges, and it relies on the assumption of fully ionic compensation of the in-
troduced Fe. According to this, substitution of tetravalent Ti with trivalent Fe leads to one VO for every
two Fe atoms.17,19 However, STF alloys are often prepared in different environments with a wide range of
temperatures and oxygen partial pressures; thus, the oxygen nonstoichiometry of the sample can vary in
different environments particularly if electronic compensation is possible. Therefore, we next characterize
the equilibrium oxygen deficiency y as a function of the thermodynamic environment.
The stabilities are assessed using the mixed thermodynamic potential ΦSTF as a function of temperature
T and oxygen partial pressure P







µO2(T, P ) (3.1)
This potential represents that of an STF system that has fixed numbers nSr, nTi, and nFe of Sr, Ti, and Fe
atoms but is open to exchange of O atoms with a thermodynamic reservoir. Here EDFTnVO and E
DFT
perfect are
the DFT-computed total energy of a supercell containing n oxygen vacancies and no oxygen vacancies (fully
oxidized), respectively. The parameter µO2 denotes the chemical potential (partial molar Gibbs free energy)
of an oxygen gas molecule. For solids, the temperature-dependent vibrational energy largely cancels when
comparing defective and perfect structures, and the pressure dependence on the total energy is ignored
because it is normally weak.94 The value of µO2(T, P ) depends on the temperature and pressure of the
environment, and it is obtained using a combination of DFT and thermodynamics according to










We used the corrected value for EDFTO2 , the reference energy for O2, because PBE is known to overbind
the O2 molecule.
95 The temperature-dependent thermodynamic function ∆µ◦O2 is obtained from tabulated
data,96 and the pressure dependence is considered in the last term of eq 3.2.
Figure 3.5 shows ΦSTF for a system SrTi0.7Fe0.3O2.85+δ (STF30) at a fixed Fe content of 30% (x = 0.3),
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Figure 3.5: Mixed thermodynamic potential of SrTi0.7Fe0.3O2.85+δ in terms of oxygen nonstoichiometry,
δ. Atomic models with the lowest free energy for δ = 0 and δ = 0.15 are shown at the top. Each line
corresponds to a specific temperature and oxygen partial pressure environment.
for which the parameter δ on the x-axis indicates the deviation from the reference value SrTi0.7Fe0.3O2.85.
The 30% Fe composition is the closest achievable in our supercells to STF35 (35% Fe), for which experimental
results66 are available to compare our results. Experimentally, the 35% Fe composition has a reasonable
balance between performance and stability: Ti gives better stability, whereas Fe increases surface-exchange
coefficient, electronic and ionic conductivity, and so forth. In the simulated supercells, there are too many
candidate configurations to be examined by DFT calculations. Instead, selected configurations were identified
by calculating the total electrostatic energy based on an ionic model,90 and among them, the lowest energy
configuration was selected for DFT simulations. The mixed thermodynamic potential ΦSTF is shown in
Figure 3.5 as a function of δ for different values of temperature and oxygen partial pressure. Negative values
of δ means that the system is reduced compared to the reference composition; as δ becomes more positive,
the system becomes more oxidized and is fully oxidized (no vacancies present) at δ = 0.15. The fully oxidized
case is defined here to have a potential ΦSTF of zero.
In Figure 3.5, the color of the lines represents different temperatures as shown in the legend, whereas
solid/dashed lines represent oxygen partial pressure of 10−20/105 bar, respectively. For a given line, the value
of δ which minimizes ΦSTF indicates the expected oxygen content at equilibrium. For example, the red line
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for T = 0 K shows the DFT-simulated results, and the minimum at δ = 0.15 indicates that at equilibrium,
the system should be fully oxidized. At T = 900 K, the minimum of ΦSTF has shifted to δ = 0.04 at
pressures of 105 bar and is at the reference value of δ = 0 when oxygen partial pressure is decreased to 10−20
bar. At 1300 K, the minimum of ΦSTF occurs at δ = 0 for 10
5 bar, but shifts to δ = −0.04 for 10−20 bar.
These results indicate that the system can be reduced relative to the reference composition at sufficiently
high temperatures and low pressures and oxidized at low temperatures and high pressures.
Figure 3.6: Oxygen nonstoichiometry, δ, for SrTi1−xFexO3−x/2+δ as a function of temperature and oxygen
partial pressure environment. (a) DFT estimation for SrTi0.7Fe0.3O2.85+δ. (b) Thermogravimetric analysis
66
for SrTi0.65Fe0.35O2.825+δ (Reprinted with permission from M. Kuhn, J. J. Kim, S. R. Bishop, and H. L.
Tuller, Chem. Mater. 25, 2970-2975, 2013. Copyright 2013 American Chemical Society.)
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Notably however, we find that ΦSTF is minimized at δ = 0 under a wide range of temperature and pressure
conditions. In other words, under these conditions, a combination of one VO per two Fe atoms is generally
favorable, largely confirming the concept of the reference composition. Figure 3.6 shows a direct comparison
of our computational predictions of δ, the deviation from the reference composition, and the same parameter
previously measured experimentally. Figure 3.6a shows the value of δ that corresponds to the minimum value
of ΦSTF from Figure 3.5 as a function of oxygen partial pressure for different temperatures. The sharp jumps
of the isothermal lines arise from the discrete sampling of the large, continuous configuration space in our
135 atom supercells, for which we are able to resolve δ in units of 1/27 only. To validate our results, we
compared them to the oxygen nonstoichiometry δ of SrTi0.65Fe0.35O2.825 (STF35) previously measured by
thermogravimetric analysis66 shown in Figure 3.6b. The computational predictions capture several of the
experimental trends. For a given temperature, there is an oxygen-deficient region (δ < 0) at a low oxygen
partial pressure, followed by a reference region (δ = 0) at an intermediate pressure and an oxygen-excess
region (δ > 0) at a high pressure. The onset of the deviation from δ = 0 occurs at lower oxygen partial
pressure as the temperature decreases. The spacing between lines of different temperatures are similar in
theory and experiment. However, the DFT results are shifted to higher oxygen partial pressure by about
105 bar overall compared to the experimental results, indicating that DFT predicts STF to be somewhat
harder to oxidize than in the experiment. The discrepancy may be due to systematic errors inherent in the
DFT + U formalism. Alternatively, it may be because all of the oxygen vacancy sites in our atomic model
for STF are located between two Fe atoms, and thus to oxidize the system, Fe–VO–Fe configurations must
be replaced by Fe–O–Fe. Therefore, the energy cost for introducing oxygen atom could be overestimated in
our simulation because real STF mixtures can exhibit different configurations with sites more favorable for
the introduction of O atoms.
3.4.3 Evolution of DOS with Fe Concentration at the Reference Composition
Having established that the reference composition is energetically favorable over a wide range of thermo-
dynamic environments, we now consider how the electronic structure of STF for δ = 0 evolves for increasing
iron content x at the reference composition. Figure 3.7 shows how the projected DOS evolves across a series
of compositions corresponding to x = 0, 0.3, and 1 at the reference composition. The DOS shown are aligned
with respect to the deep, low energy O 2s levels (not visible in the plotted range), as they are expected to
be fixed for all three compositions. The dotted lines indicate the highest occupied energy level in all cases.
In simulating the intermediate alloy x = 0.3, whose DOS is shown in Figure 3.7b, we again determined the
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configuration that minimizes the total electrostatic energy based on an ionic model and used it for the DFT
simulations of the DOS. Remarkably, the DOS of STF30 largely resembles a mixture of the two end-member
compounds. It exhibits properties of both end members: the completely filled valence bands are composed
of O 2p orbitals, while the completely empty conduction bands are derived from the metal 3d states. The Fe
atoms remain spin-polarized, and remnants of the large exchange splitting present in Sr2Fe2O5 are visible
in the DOS. For the lowest energy configuration of STF30 shown here, we see no states arising inside the
gap, and the material remains an intrinsic semiconductor (DFT band gap = 1.8 eV).
Figure 3.7: Projected DOS for SrTi1−xFexO3−x/2 supercells. (a) SrTiO3 (x = 0), (b) SrTi0.7Fe0.3O2.85
(x = 0.3), and (c) Sr2Fe2O5 (x = 1). The green, blue, red, and black lines are projected states of Sr, Ti, Fe,
and O, respectively.
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If STF at the reference composition can be considered a mixture of SrTiO3 and Sr2Fe2O5, it is expected
that the primary gap decrease with increasing Fe content. This is reflected in the DOS shown in Figure 3.7.
The band gap reduction has been reported in previous experimental studies.19,55,57,58,66 Some of these
find that the reduction is linear with the Fe content, whereas others find that the reduction occurs more
rapidly at low Fe contents, which would make the band gap of STF35 closer to the gap of Sr2Fe2O5. Most of
the experimental studies concluded that the band gap narrowing arises from additional energy levels above
the valence band and/or defects states within the band gap. In our simulations focusing on low-energy
configurations at the reference composition, we observe from the DOS in Figure 3.7 that as Fe is introduced,
both the energy of the VBM increases and the energy of the conduction band minimum (CBM) decreases,
causing the reduction of the gap. The energy of the VBM increases with the Fe concentration as Fe-derived
bands appear near the top of the valence band and form hybridized Fe–O bonding orbitals. The energy of
the CBM decreases as hybridized Ti 3d and Fe 3d states broaden the conduction band. Moreover, as shown
in Figure 3.7, there are no electronic states present inside the gap because of the introduction of Fe and VO,
in contrast to several of the experimental analyses. This can be reconciled by noting that we do, however,
observe defect states for less stable STF configurations, which result in more dramatic changes to the band
gap even at a low Fe concentration. An example of the DOS for a higher energy configuration of STF30
with states distributed throughout the gap is given in the Supporting Information (Figure 3.9). Therefore,
in reality, the reduced band gap with increasing Fe content largely can be viewed as arising primarily from a
transition from SrTiO3 (Eg = 3.2 eV) to Sr2Fe2O5 (Eg = 2.0 eV) associated with a broadening of the band
edges, but further perturbed by local atomic configurations, which can introduce midgap states.
3.4.4 Effect of the Oxygen Nonstoichiometry on DOS
To assess the effects of varying the oxygen stoichiometry, Figure 3.8 illustrates how the electronic structure
evolves as the composition becomes oxidized (δ > 0) or reduced (δ < 0) relative to the reference composition.
These simulations were performed at a fixed Fe content of 30% (SrTi0.7Fe0.3O2.85+δ) while the oxygen content
was varied from the prior reference value δ = 0 (middle panel) to δ = +0.15 (top panel) and δ = −0.15
(bottom panel). We considered oxygen contents that nominally would correspond to fully oxidized (Fe4+)
and fully reduced (Fe2+) systems. The DOS are again referenced to the O 2s levels, and the dotted line
indicates the highest occupied energy level in all cases. We emphasize again that these results are specific to
the low-energy configurations of STF. At the reference composition, the most stable atomic configurations
are ones for which all oxygen vacancies are present as first nearest neighbors to the Fe ions. Therefore, when
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the system is oxidized, the new O atoms are introduced at these vacancy sites adjacent to the Fe ions. On
the other hand, when the system is reduced, there is the option to remove oxygen atoms either directly
adjacent to an Fe ion or not directly adjacent to an Fe atom.
Figure 3.8: Projected DOS for SrTi0.7Fe0.3O2.85+δ supercells. (a) SrTi0.7Fe0.3O3 (δ = +0.15), (b)
SrTi0.7Fe0.3O2.85 (δ = 0), and (c) SrTi0.7Fe0.3O2.7 (δ = −0.15). The green, blue, red, and black lines
are projected states of Sr, Ti, Fe, and O, respectively.
For the oxidized case (δ = +0.15), oxygen atoms are introduced into the supercell, thus modifying the
Fe–VO–Fe chains to Fe–O–Fe, as illustrated in Figure 3.4a,b. The DOS for the oxidized system (Figure 3.8a)
reveals the presence of empty O 2p states above the valence band edge, with a considerable degree of Fe 3d
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character mixed in (Figure 3.10 in the Supporting Information shows a zoomed-in view of the states near the
VBM). The presence of empty VBM states suggests that the oxidized system becomes p-type in nature. The
mixed O 2p–Fe 3d character of the empty states shows that the holes are not fully localized on the multivalent
Fe but are distributed around the Fe–O–Fe region (Figure 3.4b). Interestingly, the empty states towards the
top of the VBM can be explained by extension of the known defect levels present in dilute Fe-doped SrTiO3.
Isolated Fe impurity levels above the VBM have been observed in Fe-doped SrTiO3.
69,70 These Fe-derived
defect states would be expected to broaden with increasing Fe concentration and to hybridize with the VBM
O 2p states of SrTiO3,
19,57,71 resulting in DOS very similar to that shown in Fig. 3.8a.
For the reduced case (δ = −0.15), we removed additional oxygen atoms from the supercells beyond the
reference composition. Because of the large oxygen vacancy concentration, several candidate configurations
are possible. We considered several possible configurations using DFT and generally found that it is ener-
getically more favorable to create the additional oxygen vacancies at sites adjacent to Fe rather than those
only neighboring Ti atoms. The DOS for the reduced system for such a low energy configuration is shown in
Figure 3.8c. Nominally, one might assume that the removal of additional oxygen atoms beyond the reference
composition would reduce Fe3+ to Fe2+. The magnetic moment of the Fe atoms in the reduced STF was
found to be ∼3.74 µB, lower than the value of 4.26 µB found in the reference composition. The reduced
magnetic moment arises as the Fe atoms gain and localize the electrons of the removed oxygen atoms. The
reduction of Fe3+ to Fe2+ would imply occupying the lowest unoccupied 3d states, which in this case are
located in the conduction band, would render the material n-type. There is experimental evidence of n-type
conductivity in STF under low oxygen partial pressure.19,51,58 However, based on our DOS (Figure 3.8c),
instead the highest occupied state remains at the top of the valence band, whereas the magnitude of the
DOS decreases near the VBM. The reduction of the magnitude of the DOS itself is a direct result of the
reduction in the number of O atoms contributing to the O 2p band, thereby producing a more pronounced
Fe character at the VBM, particularly in the minority spin. On the other hand, the material does become
n-type when the additional removal of oxygen atoms occurs at sites far away from Fe atoms. The DOS for
this higher energy configuration is shown in Figure 3.11 in the Supporting Information. In this case, there
is a partial charge transfer between the removed O atoms and neighboring Ti atoms, and the redistributed
electrons reside in defect levels mainly composed of O 2p and Ti 3d states close to the CBM.
A possible implication of the degree of p- or n-type character of STF as predicted relates to surface-
exchange kinetics. Understanding and controlling oxygen surface exchange is important when selecting STF
compositions for use in various electrochemical systems, including solid oxide fuel and electrolysis cells.
37
There is evidence that exchange at the STF surface is limited by the transfer of conduction band electrons
to the antibonding energy levels of the adsorbate oxygen molecules across the full solid solution composition
space.64 In this case, it should be possible to enhance surface exchange by increasing the concentration of n-
type carriers, which may occur in reducing environments as shown here. It would be most insightful to control
and decouple the n-type carrier concentration from the VO concentration, such as through incorporation of
external dopants. This would enable better assessment of whether surface exchange rates are governed by
electron transfer (and thus n-type carrier concentration) or by the presence of surface VO, which has also
been suggested to be important.68
3.5 Conclusions
We present an improved first-principles modeling approach for the disordered solid solution STF. The
approach considers STF as a mixture of SrTiO3 and Sr2Fe2O5, and the configuration and composition of iron
and oxygen vacancies are explicitly considered. Through DFT analysis of local atomic structure, we find that
short-range ordering of Fe and VO stabilizes the mixture. Using a mixed thermodynamic potential with open
boundaries to oxygen, the introduction of one VO formation per two Fe atoms is generally favorable under a
wide range of temperature and oxygen partial pressure environments, although oxidation and reduction are
possible at high pO2/low T or low pO2/high T , respectively. Therefore, the SrTi1−xFexO3−x/2+δ framework
can serve as a good description of the STF solid solution. Further analysis of the effects of Fe concentration
and the oxygen nonstoichiometry on the electronic structure illustrate how the properties of low-energy
configurations of STF systematically evolve from the characteristics of end-member compounds SrTiO3 and
Sr2Fe2O5. The reduction in the band gap with increasing Fe content can be attributed to this evolution.
When the system is oxidized relative to the reference composition, electron transfer from Fe to introduced
oxygen creates empty states at the top of the valence band derived from Fe–O bonding orbitals. Our
computational framework reproduces experimentally known features of STF including X-ray absorption
spectroscopy evidence of the presence of the Fe–VO complexes, thermogravimetric measurements of oxygen
content, and optical measurements of band gap reduction at higher Fe content. Moreover, our model explains
p-type and n-type conductivities of the STF under oxidized and reduced conditions, respectively. While this
work is focused on the STF system, the underlying approach may also be applicable to other disordered
solid solutions. Therefore, it may shed light on the atomic and electronic structures of perovskite oxides and
derivative compounds and their resulting ionic and electronic conductivities.
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3.6 Supporting Information
We show the following for comparison to the properties and DOS shown in the main manuscript:
• Figure 3.9 illustrates projected density of states (DOS) of SrTi0.7Fe0.3O2.85 at the reference composition
for a higher energy configuration. Several defects states are present inside of the band gap, unlike the
DOS of the lowest energy configuration shown in Figure 3.7b of the main manuscript.
• The DOS of SrTi0.7Fe0.3O3 shown in Figure 3.8c of the main manuscript is redrawn in Figure 3.10 and
zoomed in to focus on states near valence band maximum. The empty VBM states show a considerable
Fe 3d character mixed in with the O 2p states.
• Figure 3.11 illustrates DOS of SrTi0.7Fe0.3O2.7 (at a composition reduced relative to reference) for
a higher energy configuration in which additional oxygen vacancies are introduced near Ti atoms.
The DOS shows n-type characteristics, unlike the DOS of the lowest energy configuration shown in
Figure 3.8c.
Figure 3.9: Projected DOS for SrTi0.7Fe0.3O2.85 in higher energy configuration. The green, blue, red, and
black lines are projected states of Sr, Ti, Fe, and O, respectively.
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Figure 3.10: Projected DOS for SrTi0.7Fe0.3O3 magnified near VBM. The green, blue, red, and black lines
are projected states of Sr, Ti, Fe, and O, respectively.
Figure 3.11: Projected DOS for SrTi0.7Fe0.3O2.7 in higher energy configuration. The green, blue, red, and
black lines are projected states of Sr, Ti, Fe, and O, respectively.
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Chapter 4
Cluster Expansion Study on the
Perovskite-Derivative Material
The previous chapter described the electronic structure and resultant properties of STF according to
density functional theory. In agreement with experimental results from the thermogravimetric analysis, it
was found that the description of STF as a mixture of SrTiO3 and Sr2Fe2O5 holds across a wide range of
thermodynamic environments. It was also determined that the mixture shows a tendency to exhibit short-
range order, particularly amongst iron and oxygen vacancy as identified by the X-ray absorption spectroscopy
measurements. The origins of features of the band structure were described in terms of the states introduced
by the incorporation of Fe and VO into the STF material system.
The tendencies for short-range order are expected to affect the configurations of STF significantly, influ-
encing the transport and defect properties of the material system. They should be explicitly considered when
developing predictive models of the material system. However, the prior results are based on first-principles
DFT and cannot be extended to determine the properties of STF spanning the whole composition space at
scale. The number of configurations that need to be sampled to obtain accurate descriptions is too many
to use direct quantum mechanical methods for sampling due to high computational cost of first-principles
calculations.
Therefore, to overcome this barrier, this chapter describes the development of a novel approach to
cluster expansion models for disordered materials and applies the method to STF. In contrast to DFT,
which is limited to a finite number of simulations of relatively small systems, the cluster expansion model
described here enables the generation of representative configurational ensembles of STF that are sufficient
to extract the thermodynamic properties. The cluster expansion developed here is novel in several ways:
in contrast to conventional cluster expansion models, a multisublattice formalism is utilized, and linear
regression approaches are implemented to select clusters that are used as basis sets in the description of
STF. Using the model developed, it is possible to extract thermochemical properties of STF, such as its
stability, and identify tendencies for superlattice formation at certain compositions.
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This chapter is based on the following reference, portions of which are reproduced here.
• Namhoon Kim, Brian J. Blankenau, Tianyu Su, Nicola H. Perry, and Elif Ertekin. “Multisublat-
tice cluster expansion study of short-range ordering in iron-substituted strontium titanate,” To be
submitted.
4.1 Abstract
The introduction of large degrees of elemental substitution is a material design strategy for tuning
the electrochemical characteristics of host materials to optimize target properties. One example is iron-
substituted strontium titanate (SrTi1−xFexO3−d, STF) which is a promising perovskite-derivative cathode
material in solid oxide fuel cells. However, computational studies on the electrochemical properties of STF are
limited, owing to the difficulties in obtaining realistic descriptions of the disordered atomic configurations
of materials. The cluster expansion (CE) method has proven to be useful for modeling configurational
thermodynamics. In CE, the configurational material properties are expanded using basis sets, i.e., clusters;
therefore, it is crucial to correctly define and select clusters. Herein, we propose an improved CE that
accounts for the chemical identity distributed among multiple sublattices, including both cation and anion
lattices. This formalism enables one to distinguish meaningful interactions that would otherwise be rendered
indistinguishable in the conventional CE approach because the conventional approach compresses chemical
identity via a product of site occupations. The least absolute shrinkage and selection operator (LASSO)
was implemented as a regression analysis method to select only key clusters and prevent overfitting. This
approach has been tested on STF, and it exhibits better predictability of the system energy than that
afforded by the conventional CE method. From the selected key clusters, we identify that short-range
ordering between the substitutional Fe and oxygen vacancies (VO) results in the formation of Fe–VO strings.
In addition, we address the stability of STF through CE-based Monte Carlo (MC) simulations and confirm
the presence of superstructures that were previously observed in the transmission electron microscopy images.
Finally, the study of atomic configurations of the MC samples reveals the variation in the oxidation state
of Fe atoms, which can be explained by an atomic-scale ordering of Fe and VO. This cluster description




Chemically and structurally complex mixed ion–electron conductors (MIECs) exhibit rich functional
properties that make them desirable for numerous emerging applications.97 One driving force to study
MIECs is the opportunity to tailor their properties by controlling the chemical compositions and atomic
structures.7 Perovskite oxides and perovskite derivatives are particularly attractive mixed-conducting ma-
terials because of their compositional variety and structural stability.6 Perovskite oxides with the general
formula ABO3 can accommodate various atomic species on their A and B sublattices, and each sublattice
can contain substitutional cation species over extensive composition ranges while maintaining the host struc-
ture.20 One representative example is transition-metal-substituted perovskite SrTi1−xFexO3−d (STF). Iron
atoms partially replace the B-site titanium atoms of perovskite SrTiO3, while charge compensation for the
different preferred oxidation states of Ti4+ and Fe3+ can be achieved by the formation of oxygen vacancies
(VO) (Figure 4.1).
98 Referenced to a fully ionically compensated system, STF forms a disordered continuous
solid solution between the end members SrTiO3 (x = 0) and Sr2Fe2O5 (x = 1) as SrTi1−xFexO3−x/2+δ.
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Further, the ionic and electronic conductivities of STF change by several orders of magnitude due to the
partial substitution of Fe with Ti.19,58,64,99 Therefore, STF has potential in a wide range of application
areas, such as in electrodes for solid oxide fuel cells,44,45 gas sensors,49,50 permeation membranes,52,53 and
electrocatalysis.54,56
Figure 4.1: Atomic models of perovskite SrTiO3 (left) and brownmillerite Sr2Fe2O5 (right). The brown-
millerite structure contains alternating layers of corner-sharing FeO6 octahedra and FeO4 tetrahedra. The
green, blue, brown, and red atoms represent Sr, Ti, Fe, and O, respectively.
The accurate and efficient modeling of complex crystalline alloys is a crucial first step in material studies
because many technologically important materials with tunable physical properties take the form of disor-
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dered solid solutions.23 Cluster expansion (CE)36,37 is a valuable tool for combining first-principles calcula-
tions and statistical mechanics to predict the electrochemical properties of alloys that exhibit configurational
disorder with potential short-range order. CE represents the relationship between the configurations of given
lattices and particular scalar-intensive quantities of interest. This relationship is parametrized by clusters
that represent atom–atom interactions. CE builds a simplified Hamiltonian that can accurately reproduce
first-principles results, such as density functional theory calculations (DFT)31,32 of the formation energies
of materials. Once a CE is constructed, it can predict the energy of the system in any arbitrary atomic
arrangement at a significantly lower computational cost than that required by DFT. This enables the use of
various statistical techniques, including Monte Carlo (MC) simulations on lattice models38 to obtain mate-
rial properties of interest as a function of thermodynamic conditions. The CE–MC formalism has been used
to model a broad class of materials from simple substitutional binary metals such as Al–Li alloys100,101 to
complex multisublattice solid oxides such as yttria-stabilized zirconia (ZrO2–Y2O3) systems
102,103 to access
thermodynamic properties such as phase stability or short-range ordering.
In this study, we present an improved CE method for multisublattice systems such as ionic materials
and demonstrate it on the STF solid solution. The variation in the physical properties of the system
can be understood in terms of the configurational behavior of the constituent cations and anions, which
are partitioned into two interacting sublattices. CE has been used successfully to describe multisublattice
alloys,104,105 but our concept provides a systematic improvement over the traditional method in terms of
accuracy and interpretability. When building the Hamiltonian for a configurational material property, it
is crucial to correctly define and select basis sets, i.e., clusters. Our proposed description simultaneously
defines a cluster along with the chemical species that occupy atomic sites related to the cluster. This
formalism enables one to distinguish meaningful interactions among atoms in different sublattices, which
cannot be obtained by conventional descriptions wherein dissimilar interactions are compressed to the same
cluster. In this description, each cluster represents a unique atomic interaction, and thus becoming more
interpretable. In particular, clusters that cover more than three sites across multiple sublattices become
physically meaningful. We implemented a regression analysis method, least absolute shrinkage and selection
operator (LASSO),106 and k-fold cross-validation (CV)107 to select the optimal set of key clusters for the basis
sets, with accuracy and predictability in mind. We intuitively identified the atomic ordering characteristics
of the system from the constructed CE by interpretation of the selected clusters.
Using this improved CE framework for multisublattice systems, we construct the CE model for STF
solid solutions with the full composition range of Fe to access atomic configurations as a function of the
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thermodynamic environment. STF exhibits disorder in the form of Ti and Fe on the B-site and O and
VO on the O-site. It is essential to comprehend the atomic structure of STF because its electrochemical
properties are closely related to its configurational tendencies and the stability of the solid solution in
different thermodynamic environments. Unlike the wide band gap semiconductor SrTiO3,
10,11 Sr2Fe2O5
is an MIEC.12,13 However, it undergoes a phase transition below 1100 K from a disordered perovskite
to an ordered brownmillerite structure, thereby limiting its applicability.14,15 The ordering of VO in the
brownmillerite phase forms alternating layers of FeO6 octahedra and FeO4 tetrahedra (Figure 4.1); thus,
ionic mobility is restricted.16 However, the coexistence of Ti and Fe stabilizes the disordered perovskite state;
hence, iron-rich STF can maintain mixed conductivity under a wide range of thermodynamic conditions.17
In addition, the magnetic moment and optical absorption characteristics of STF are dependent on the charge
state of the Fe ion, which is primarily influenced by adjacent VO.
62 Therefore, we investigate the stability
of STF by calculating the Gibbs free energy of mixing and analyze the local short-range ordering of Fe and
VO.
The main contributions reported in this work are twofold: first, we devise an improved CE method that
distinguishes the meaningful interactions among the chemical identities distributed in multiple sublattices.
We implement this formalism on a multisublattice STF alloy, and compare the CE model with one obtained
using the conventional method. Both models can successfully predict the mixing enthalpy of STF, but
the accuracy and predictability are enhanced when using our approach. For instance, we obtain a root
mean square error of 2.89 meV/atom, compared to 4.43 meV/atom using a conventional approach. Atomic
ordering characteristics can be identified from selected clusters representing unique atomic interactions, such
as the short-range ordering between Fe and VO and the formation of continuous Fe–VO strings. Second,
we investigate the stability of the STF solid solution by calculating its Gibbs free energy of mixing using
the established CE model with MC simulation. Experimentally observed structures of STF and the order-
disorder phase transition of Sr2Fe2O5 can be reproduced. We find that STF has a shallow positive mixing
enthalpy, thereby rendering the configurational entropy contribution important to stabilize the mixture.
At temperatures exceeding approximately T = 900 K, the free energy exhibits a negative value for all
composition ranges, and the single-phase disordered solid solution becomes stable.
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4.3 Methods
CE has been used to model the configurational dependence of the energy of alloys. In the CE method,









where the cluster function Φα is defined as the product of the occupation variables σi for a site i that
belongs to a set of lattice sites, i.e., cluster α. Examples of the clusters for the multisublattice STF system
are shown in Figure 4.2(a). Clusters are categorized as point clusters, pairs, triplets, etc. depending on the
number of lattice sites. STF has three sublattices: A, B, and O. Here, B and O contain two atomic species
each, i.e., Ti and Fe on the B-site, and O and VO on the O-site. We explicitly treat VO as a component
and assumed no vacancies at the A and B sublattices because of their considerable low concentrations
compared to oxygen vacancies in STF.108–110 Therefore, in our models, the clusters are built on the B and
O sublattices only, and Sr atoms on the A-site exhibiting no disorder are present as spectators only. The
expansion coefficients Vα are called effective cluster interactions (ECIs) of clusters α, and can be obtained
from regression analysis using Equation (4.1) based on the training data sets of atomic configurations and
their DFT energies. After developing the CE model, we can estimate the configuration-dependent energies
for arbitrary atomic configuration at small computational cost with high accuracies.
The characteristics and strength of the interaction amongst atoms are denoted by the sign and magnitude
of the ECI. For example, in conventional CE, the occupation variable σ value of 1 (−1) is assigned to Ti
(Fe) on the B-sublattice and O (VO) on O-sublattice. In this case, the value of the cluster function Φα of
the B–B pair is 1 if both sites are occupied by Ti or Fe, or −1 if one is Ti and the other is Fe. If the sign of
the ECI for the B–B pair is negative, then Ti–Ti and Fe–Fe pairs are preferred because they decrease the
energy and stabilize the system. Conversely, if the sign is positive, the adjacent B-sites tend to be occupied
by opposite types of atoms. The tendency of these orderings is strong if the magnitude of the ECI is high.
However, this concept cannot be easily translated to clusters containing more than three sites distributed
among both sublattices; for instance, the B–O–B triplet. Figure 4.2(b) depicts six different cases of the
B–O–B cluster in terms of the atomic occupation. The value of the cluster functions for the three triplets
on the left is 1, whereas that for the three triplets on the right is −1. In this case, the sign of the ECI has
less obvious physical significance because atomic orderings with dissimilar interactions are grouped together,
such as Ti–VO–Ti and Fe–VO–Fe, while physicially we expect a different tendency of VO ordering with Ti
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Figure 4.2: Atomic representation of clusters for ABO3 perovskite-derived compounds: Sr(Ti,Fe)(O,VO)3.
(a) Candidate clusters comprising up to three atoms within cutoff distances of 4 Å. (b) Possible variations
of an example cluster B–O–B due to the presence of different atomic species at each site.
or Fe. This can cause problems, particularly for ionic systems, because atomic ordering between cations and
anions plays an important role in determining the properties of materials.
The CE method introduced in this work utilizes an improved cluster description to more accurately
capture the interactions among atoms located at different sublattices. The proposed description first defines
a cluster by the specific atomic species that occupy the cluster sites. Further, we set the occupation variables
for all types of atomic species to 1. This approach enables a systematic improvement over the traditional
method by distinguishing meaningful interactions, rather than compressing the interactions via a product
of site occupations. To be specific, the B–O–B triplet is transformed into six different clusters, as shown in
Figure 4.2(b), depending on the chemical identities at each site. This cluster description ensures that each
of the six clusters have its own coefficient; thus, the tendency of atomic orderings can be identified from
their ECIs. For example, unlike the conventional cluster description, Ti–VO–Ti and Fe–VO–Fe triplets have
distinct coefficients. If one cluster has a negative ECI and the other has a positive ECI, we presume that
the system prefers to exhibit specific atomic orderings represented by the cluster having the negative ECI.
The CE model is exact when an infinite number of clusters are considered.111 However, in practice, the
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expansion should be truncated to a relatively small number of terms while maintaining the predictive power
of the model. The selection of key clusters from the cluster pool is a critical step in developing the CE
model. The pool is collected by setting the maximum number of sites and the maximum distance between
sites within a cluster. Figure 4.2(a) depicts the candidates that comprise up to three atoms within a cutoff
distance of 4 Å. The number of candidate clusters increases with the new cluster description, owing to the
information on the chemical species on each lattice site. For example, the 13 candidate clusters (two point
clusters, five pairs, and six triplets) shown in Figure 4.2(a) become 50 possible clusters (four point cluster,
sixteen pairs, and thirty triplets) in our description. Given the large number of possible clusters, such CE
models are prone to overfitting the training data, resulting in poor predictability. Several methods, such as
the hierarchal method,111,112 variational approach,113,114 and genetic algorithms,105 have been proposed to
build the optimal expansions with the least number of terms. In this work, we implement LASSO106 and
k-fold CV107 as analysis methods to perform both regression and variable selection. The LASSO objective

















The second term penalizes large magnitude coefficient, causing the coefficients of less contributive variables
to shrink toward zero. The amount of shrinkage can be determined by a user-specific weight, i.e., the
regularization parameter λ. We adjusted the parameter λ through k-fold CV analyses that minimized the
errors on the test sets and only select the key clusters that did not show overfitting.
We performed DFT calculations on STF supercells with different atomic configurations to prepare train-
ing and testing data sets for the CE. The atomic models for STF were generated based on a perovskite SrTiO3
supercell containing 160 atoms (Figure 4.1), and the compositional variations of the system were sampled
by substitution of Ti with Fe and introduction of VO as described below. Configurations were generated
across 0 ≤ x ≤ 1 of SrTi1−xFexO3−x/2 to ensure predictive capability across the whole composition range.
The spin-polarized DFT calculations31,32 were performed for the generated STF models using the Vienna
Ab Initio Software Package (VASP).75,76 The Perdew–Burke–Ernzerhof (PBE) generalized gradient approx-
imation35 was used to describe the exchange-correlation functional, and the Hubbard correction U79,80 was
applied to transition metals to treat the strong on-site Coulomb interaction of localized electrons.86,87 We
previously determined that PBE + U reasonably captures the electronic structure of STF obtained from
hybrid HSE06 functional calculations81,82 when U = 3 and 5 eV for Ti and Fe, respectively.115 Projector
augmented-wave pseudopotentials77,78 were used to represent the core electrons of the constituent atoms,
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i.e., Sr, Ti, Fe, and O. The Kohn–Sham orbitals were expanded in a plane-wave basis set with sufficient cutoff
energy and k-point sampling of the Brillouin zone to ensure that all the computed parameters converged to
the number of significant figures reported. Furthermore, during geometry optimization the lattice constants
of the STF models and their internal atomic coordinates were relaxed to confirm that all the forces acting on
each atom were < 0.03 eV/Å. All atomic models shown in the figures were prepared using the Visualization
for Electronic and Structural Analysis (VESTA) program.116
4.4 Results and Discussion
4.4.1 Multisublattice Cluster Expansion of the Mixing Energy
The initial data set for constructing the CE consists of STF supercells with manually generated ordered
configurations, random configurations, and special quasirandom structures (SQSs).117 SQSs mimic perfectly
random atomic arrangements as closely as possible in periodic supercells. The SQS structures are generated
using the Alloy Theoretic Automated Toolkit (ATAT) software package.104,118 We built the first trial CE
model based on the initial set, and generated new low energy configurations by combining the model with
Monte Carlo simulations,38 resulting in configurations predicted to have lower energies. These predicted
configurations were in turn simulated by DFT and added to the database, and the cycle repeated until no
new ground state structures were identified. The CE model is constructed using 400 different configurations
of STF at five different compositions: 80 configurations for each Fe ratio x of 0.125, 0.250, 0.375, 0.500, and
0.750.
We restrict the composition of STF (SrTi1−xFexO3−x/2+δ) to its reference condition, where the oxygen
nonstoichiometry δ is fixed at zero. This enables STF to smoothly transition between SrTiO3 and Sr2Fe2O5
and allows transition metals (Ti and Fe) to maintain their most favorable oxidation states (Ti4+ and Fe3+ on
average). This ionic compensation model was suggested to explain the atomic and electronic characteristics
of STF as a mixture of two end-member compounds.19 STF at the reference composition exists and is
stable under wide temperature and pressure ranges, but the oxygen nonstoichiometry can deviate according
to the thermodynamic conditions particularly at highly oxidizing or reducing conditions. For example,
thermogravimetric analysis66 revealed that the nonstoichiometry δ of STF with x = 0.35 at 900 ◦C is close
to zero in a wide oxygen partial pressure range of 10−11 to 103 Pa. However, there are oxygen-deficient
(δ < 0) and an oxygen-excess (δ > 0) regions below and above the pressure range, respectively. Therefore,
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our CE model is practically useful for understanding the properties of STF at the reference composition
under relevant thermodynamic environments.
Figure 4.3: LASSO regression and ten-fold CV analysis on the data sets of STF systems and their DFT
energies. The average root-mean-square error (RMSE) for each testing set obtained using k-fold CV is shown
as a function of the LASSO regularization parameter λ.
We selected the clusters from cluster pools and determined ECIs using LASSO regression and k = 10
-fold CV analysis on the 400 data sets of STF systems and their DFT energies. The data sets are divided to
training and test sets, and the model is cross-validated by applying the model developed from the training sets
on the test sets. The selected clusters are the subset of the cluster pool that can best predict configuration
energies in the test sets as accuracy as possible. Figure 4.3 shows the average root-mean-square error (RMSE)
for each testing set of 10-fold CV as a function of the LASSO regularization parameter λ. The black line is
the average RMSE and the error bars represent standard deviations of the 10 test sets. Here we considered
clusters of up to four atoms within a cutoff distance of 5.6 Å which corresponds to the distance between
the second nearest cations. Since λ adjust the amount of variable shrinkage, as it increases the number of
clusters selected from the cluster pool becomes reduced. We can clearly observe that λ should be chosen to
prevent both under- and over-fitting which are shown in the left and right side of the graph, respectively.
We selected the value of λ which minimizes the RMSE, indicaated in Figure 4.3 by the red dot.
Figure 4.4 shows the final fits between the CE-predicted and DFT-calculated energies of all STF supercells
in the data set. Each data point is colored according to the Fe ratio x. For comparison, we generated two
50
Figure 4.4: Comparison of the mixing enthalpy for SrTi1−xFexO3−x/2 calculated by DFT and that predicted
by the CE. Results obtained using (a) traditional cluster description (RMSE: 4.43 meV/atom) and (b)
improved multisublattice cluster description (RMSE: 2.89 meV/atom).
models based on the same DFT data set, but one (model I) is built by traditional CE, and the other
(model II) is constructed using our multisublattice approach. The results of models I and II are shown in
Figure 4.4(a) and 4.4(b), respectively. From the same cluster pool, 12 conventional clusters are selected
using LASSO-CV analysis for model I, and 11 clusters with chemical identity are selected using the same
procedure for model II. The 12 conventional clusters are all shown in Figure 4.2(a), with the exception of
the point cluster for either the B or O site (once the number of Fe atoms fixes the number of VO at the
reference composition, both point clusters are dependent on each other so only one is needed). On the other
hand, the 11 clusters for model II and their ECIs are shown in Figure 4.5. The clusters in our approach are
simultaneously defined with the site occupation; hence, we represent them using atomic species, as shown in
Figure 4.5(b). Although both models are constructed based on the same data sets using the same procedures,
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, increases from 0.92 to 0.96. As shown in
Figure 4.4(b), our CE model demonstrates good accuracy in predicting the system energies of STF across
all compositions ranging from low energy ground states to high energy fully disordered states. Therefore,
more reliable results can be expected when analyzing material properties using our improved CE model.
Another advantage of using the current cluster description is that it enables intuitive identification of the
atomic ordering characteristics by analyzing the selected key clusters and their ECI. Figure 4.5 depicts 11
key clusters with the most significant impact on the mixing enthalpy of STF, marked from A to K according
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Figure 4.5: (a) Effective cluster interactions (ECIs) of all selected clusters are shown in ascending order.
(b) Atomic models of the clusters. Low-energy clusters exhibit atomic ordering between Fe and VO, and
high-energy clusters show atomic ordering between Ti and VO.
to their ECI in ascending order. Each cluster represents a specific atomic ordering, and the more negative
the ECI of the cluster the greater the preference for the system to exhibit local ordering represented by that
specific cluster. For example, STF in the ground state contains many local atomic orderings corresponding
to clusters A to D because these atomic arrangements reduce the total energy and stabilize the system. On
the other hand, the orderings represented by clusters with large positive ECIs, i.e., clusters E to K, are less
preferable because they increase the total energy. In particular, clusters J and K exhibit surprisingly large
positive ECIs as compared to those of the other clusters. This suggests that it is unfavorable and hence
improbable to observe three vacancies bound to one transition metal (cluster J) and two vacancies bound
to a Ti ion forming a 180◦ VO–Ti–VO complex (cluster K). From this observation, it can be inferred, for
example, that the presence of a VOs around a metal cation may block oxygen ion transport due to the high
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energy for another VO be present adjacent to the same cation. For example, if one VO is adjacent to a Ti ion
and forms a 180◦ VO–Ti–O, the oxygen ion in this complex could not jump away to another vacant oxygen
site and leave behind a 180◦ VO–Ti–VO because of its high formation energy.
We identify additional distinct features regarding atomic ordering between Fe and VO in STF using our
CE model prior to using it with MC simulations for further analysis. First, the VO distribution is not random,
but the vacancies tend to bind to Fe rather than to Ti ions, as depicted by atomic models of clusters B, C,
and D. Strong interaction exist between the Fe ion and VO,
67 resulting in a large favorable binding energy
that was experimentally estimated to be ∼0.3 - 0.4 eV.92,119 The short-range ordering that the presence
of VO in the first coordination shell of the Fe ions was revealed through X-ray absorption spectroscopy for
Fe-doped SrTiO3
92,120 and STF.60 Second, when two Fe ions are adjacent to each other at the B sublattice,
vacancies are possibly located at the O-site neighboring the two Fe ions to reduce the system energy (cluster
B vs. cluster E). In our previous study, we determined that the O-site between the two Fe ions was the
most energetically favorable place for VO formation.
115 Third, up to two VO’s can be formed out of six
available O-sites adjacent to one Fe ion, and those two VOs and one Fe ion make the 90
◦ VO–Fe–VO complex,
as illustrated by cluster D. This 90◦ complex is more stable than 180◦ VO–Fe–VO (clusters A and D vs.
clusters G and I); therefore, it is more likely to be observed in STF, which is in agreement with experimental
studies.121 These three insights and topological understanding of the perovskite structure suggest a strong
tendency to form a continuous and connected Fe–VO chains, similar to the one shown in the corner-sharing
FeO4 tetrahedra layer in the brownmillerite Sr2Fe2O5. In the following section, we will analyze how this
short-range ordering between Fe and VO plays a role in determining the ground state structures and mixing
enthalpy of STF.
4.4.2 Stability of the Disordered Material and the Short-Range Ordering
Experimentally X-ray diffraction studies confirmed that STF alloys exist as a continuous solid solution
over the entire composition range,17,57 and that the cubic perovskite structure of SrTiO3 is maintained,
even at extremely high degrees of Fe substitution.21,22 However, secondary phases have also been observed
for reduced samples of STF, which have predominantly or purely brownmillerite structures that are similar
to that of the ground state of Sr2Fe2O5.
46,60 Several studies have confirmed STF to be a disordered alloy
with no long-range order of Ti/Fe ions or VO,
24,25 but there is some evidence of the formation of the
local ordering of VOs, resulting in the formation of superstructures at certain Fe ratios and thermodynamic
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conditions.58,99 The stability of the alloy is guided by the Gibbs free energy of mixing ∆Gmix, of which the
mixing enthalpy ∆Hmix above is one component. Hence, we estimated the Gibbs energy to understand these
seemingly contradictory observations in detail. The Gibbs free energy of mixing ∆Gmix comprises enthalpy
H and entropy S terms, which is calculated as ∆Gmix = ∆Hmix − T∆Smix at temperature T .
Using the CE model, it is possible to directly predict the mixing enthalpy of SrTi1−xFexO3−x/2 across
the full composition range. Since here we consider STF as a mixture of SrTiO3 and Sr2Fe2O5, the enthalpy
of mixing ∆Hmix is given by
∆Hmix = ESrTi1−xFexO3−x/2 − {(1− x) · ESrTiO3 + x · ESrFeO2.5} (4.3)
where ESrTi1−xFexO3−x/2 , ESrTiO3 , and ESrFeO2.5 are the calculated total energies of STF, SrTiO3, and
Sr2Fe2O5, respectively. The term ESrTi1−xFexO3−x/2 denotes the lowest energy identified for the given com-
position, which typically corresponds to ordered or semi-ordered configurations. The enthalpy of mixing is
shown in Figure 4.6(a) by the black line. Each black data point indicated by a cross mark indicates the
enthalpy of a structure calculated by DFT and included in the data set when developing the CE model. The
black line connects data points with the lowest energies found at given Fe concentrations, and the points
represent the energy of the ground state at 0 K predicted by CE in combination with MC simulations. As
shown in Figure 4.6(a), the mixing enthalpy (free energy of STF at 0 K) is positive for the entire composition
range. This implies a tendency toward a local phase decomposition into perovskite SrTiO3 and Sr2Fe2O5
rather than formation of a solid solution before entropic terms are considered. However, it remains below 6
meV/atom across the whole composition space.
To determine the Gibbs free energy of mixing, it is necessary to investigate the configurational entropy.
We do not consider non-configurational entropies, such as vibrational, electronic, and magnetic entropies,
because their contributions are small as compared to those of the configurational entropies for most cases
of solid solutions.123 Among the various non-configurational sources of entropy, lattice vibrations can play
a small, but sometimes non-negligible, role in phase stability,.123 The vibrational entropy contribution
represents the vibrational entropy difference between the solution and the two end member compounds,
and it is small in cases where the vibrational properties of the end members and mixture are similar. This
is likely to be the largest source of uncertainty in the results presented here, although the uncertainty is
expected to be smaller than the main trends reported.
The multicomponent STF alloy is far from an ideal solid solution because configuration energies clearly
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Figure 4.6: (a) Gibbs free energy of mixing for SrTi1−xFexO3−x/2. The DFT calculated energies used as
training sets for the CE are indicated by cross marks. Each colored line represents the free energy of mixing
at a specific temperature. (b) Ground state atomic configuration of SrTi0.5Fe0.5O2.75. (c) Transmission
electron microscopic image of SrTi0.2Fe0.8O2.75 shows orderly arranged oxygen vacancies; for every three
octahedral planes, a tetrahedral plane is observed.122 (Reprinted with permission from Y. G. Yang, S.
Teinsvic, R. Høier, and T. Norby, J Mater Sci Lett. 14, 1027-1029, 1995. Copyright 1995 Springer.) (d)
Average probability distribution of the coordination number of Fe atoms in SrTi0.5Fe0.5O2.75 at 300 K and
1500 K.
55
do not depend solely on the atomic compositions, but also depend on their inter-atomic interactions and
hence ordering. Therefore, we provide a formula to assess the configurational entropy of mixing for a non-
ideal solid solution instead of using a simple ideal mixing rule, which typically overestimates entropy. We
deduce the entropy using a probabilistic approach by considering atomic interactions among constituent
elements that may disturb the system energy and thus reduce the entropy of the ideal case. For each STF
supercell with a given Fe concentration, we collect 100,000 samples (Wsample) out of all possible atomic
configurations (W ) and calculate the energy of the sample using the CE model. The total number of atomic










, where NB and NO are the numbers of sites in the B-site and O-site
in the supercell, respectively, and x is the Fe ratio. If this system is ideal, the entropy follows Boltzmann’s
formula Sideal,sample = kB lnWSample and Sideal = kB lnW . However, since the probability of each sample
varies, the entropy is given by the Gibbs entropy formula Snon−ideal,sample = −kB
∑WSample
i pi ln pi. Here,
pi = Z
−1 exp(−Ei/kBT ) is the probability of the microstate i in which Ei is the energy of the state i and Z =∑WSample
i exp(−Ei/kBT ) is the partition function. The Gibbs entropy becomes equivalent to the Boltzmann
entropy if each microstate are equally probable. In summary, the configuration entropy for the system with
interacting atoms can be obtained through Snon−ideal = Sideal × Snon−ideal,sample/Sideal,sample.124,125
The Gibbs free energy of mixing for STF is displayed in Figure 4.6(a). Despite the positive mixing en-
thalpy, the formation of a solution becomes favored as the temperature increases because of the contribution
of configurational entropy to the mixing free energy. Each colored line in Figure 4.6(a) represents the free
energy of mixing at a specific temperature. Enthalpy is generally perceived as the dominant quantity in
Gibbs free energy, but STF alloys exhibit a shallow positive enthalpy of mixing, which makes the entropy
contributions comparable. Our calculations reveal that the free energy of mixing begins to decrease with
temperature increases and becomes negative over the entire composition range around 900 - 1200 K. The
entropy contribution is smaller at high Fe ratios than at low x, even though Sideal becomes more extensive
as the number of possible configurations increases with higher VO content. This is because Snon−ideal,sample
decreases significantly due to large energy differences between the ordered and disordered configurations
for large x. The free energy for pure Sr2Fe2O5 begins to decrease above 900 K; this result correlates with
the experimental observation that Sr2Fe2O5 undergoes an order-disorder phase transition at ∼1100 K.14,15
Therefore, despite the fact that STF alloys exhibit a tendency toward phase decomposition at low temper-
atures, the single-phase solid solution is eventually stabilized at sufficiently high temperatures.
The short-range ordering between Fe and VO plays a fundamental role in understanding the atomic
configuration and stability of STF within perovskite SrTiO3 and brownmillerite Sr2Fe2O5. Figure 4.6(b)
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shows the atomic configuration of STF with x = 0.5 at reference composition (SrTi0.5Fe0.5O2.75) that re-
sulted in the lowest energy at 0 K. As identified from the CE model, clusters with negative ECI generate a
driving force to form Fe–VO orderings. Further, this short-range order forms connected Fe–VO chains that
are concentrated and arranged in an orderly manner on the plane. These orderings could be interpreted
as small nuclei of the brownmillerite phase, in which the chains form corner-sharing FeO4 tetrahedra lay-
ers. Our predicted ground state configuration correlates with the transmission electron microscopic (TEM)
observation of SrTi0.2Fe0.8O2.75, as shown in Figure 4.6(c).
122 A bright line appears in every fourth plane
of the atomic resolution TEM image, which can be interpreted as the FeO4 tetrahedra layer alternating
with three octahedral layers. In the TEM study, the samples were prepared at 1300 ◦C and annealed at
500 ◦C before being cooled slowly to room temperature. We expect that such superstructures are formed
during annealing, indicating the diffusion and reordering of VOs that were initially randomly introduced
during synthesis. Mössbauer spectroscopy studies also identified these ordered strings in STF samples with
an Fe ratio of ∼0.5 - 0.7.126,127 Unlike the samples in the TEM study, these samples were quenched, and
thus the strings were not long-ranged, exhibiting an average string length of eight vacancies. Owing to the
strong tendency for short-range ordering, we were able to discern such Fe–VO strings in the simulated atomic
models of STF at ground states over the entire composition range of Fe.
In the final analysis, we inspect the average coordination number of Fe ions and how it changes as STF
undergoes an order-disorder transformation. The oxidation states of Fe have been the subject of intensive
investigation because they are related to both microscopic characteristics, such as lattice distortion60 and
oxygen non-stoichiometry,128 and macroscopic behaviors, such as electronic conductivity98 and optical ab-
sorption characteristics.129 The oxidation state of Fe is mainly affected by the presence of adjacent VO;
and, typically, the charge states are indicated as Fe4+, Fe3+, and Fe2+ when Fe ions are 6-, 5-, and 4-fold
coordinated by oxygen ions, respectively.62 We determine the average coordination number of Fe in the
atomic configuration samples of STF at an Fe ratio of 0.5, when it exhibits an ordered configuration at
low temperature and a disordered configuration at high temperature. Figure 4.6(d) shows the probability
distribution of the coordination number of Fe at 300 K and 1500 K. In our STF samples, Fe ions are either
4-, 5-, or 6-coordinated, depending on the number of VO at the neighboring oxygen sites. The presence of
3-coordinated Fe is very unlikely due to the high formation energy, as expected from our CE model. The Fe
ions in oxidation states +2, +3, and +4 are also observed in electron paramagnetic resonance spectroscopy
studies.130,131 The probability varied significantly when the STF system has an ordered or disordered atomic
configuration. In the ordered state, the short-range ordering of Fe and VO results in equal amounts of octa-
hedral and tetrahedral coordinated Fe ions (and very few five-fold Fe), which resembles the structure of the
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brownmillerite Sr2Fe2O5. Five-coordinated Fe ions existed only where the Fe–VO strings terminated. On
the other hand, as the temperature increases, the probability of five-coordinated Fe ions increased because
of the reduced length of the strings and the presence of isolated Fe–VOs. Even though we only showed the
case when x = 0.5, we found that this trend persists in STF at any other Fe composition.
4.5 Conclusions
We present an improved cluster expansion method for multi-sublattice systems. This approach includes
chemical species information directly in the cluster description, rather than compressing this information
via a product of site occupation variables as traditionally done. In this way, each cluster possesses its
own coefficient, and we are able to identify meaningful interactions among the atoms represented by a
specific cluster. We implement our method to build a CE model for a representative multisublattice system
(SrTi1−xFexO3−x/2) to predict the configurations and stability of STF across the whole composition space.
Using our framework, we enhance the predictive power of the CE model and identify several experimentally
known characteristics of atomic ordering in STF, such as the short-range ordering between Fe and VO and
the formation of Fe–VO strings. Owing to the intuitive cluster description, we also determine undisclosed
atomic ordering characteristics such as blocking sites for VO transport. Having established the CE model,
we investigate the stability and configurational tendencies of STF in combination with MC simulations. Our
study reveals that although STF alloys display a weak tendency for phase separation into perovskite SrTiO3
and brownmillerite Sr2Fe2O5 at low temperatures, the disordered solid solution of STF is eventually stabilized
as the temperature increases. This can be explained by the contribution of the configuration enthalpies to the
Gibbs free energy of mixing, which counteracts the shallow positive mixing enthalpy of STF. These findings
can explain the seemingly contradictory experimental observations on whether STF forms continuous solid
solutions of SrTiO3–Sr2Fe2O5 or superstructures with long-range Fe–VO atomic orderings, which are similar
to those in brownmillerite Sr2Fe2O5. Adequate knowledge of the complex atomic configurations of a material
is a prerequisite to investigate its physical properties; thus, accurate and efficient atomic modeling is a crucial
first step in material studies. Although we focused on the STF system, our method may also be applicable to
various disordered perovskite systems. Therefore, our proposed method can facilitate the design of complex
materials with tunable properties to obtain optimal target properties.
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Chapter 5
Predicting Ionic Conductivity of the
Disordered Mixed Conductors
The previous chapter introduced the multisublattice cluster expansion methodology and demonstrated
its application to STF. Having validated the cluster expansion, it is now possible to use it to explore the
oxygen ion transport properties of disordered material systems. In this chapter, a methodology that invokes
the cluster expansion method and a direct solution approach to the steady-state master diffusion equations
is used to obtain the oxygen ion diffusivity in STF across the full composition range.
Ion transport is often modeled in simplified ways by estimating a single hopping barrier and prefactor to
obtain relevant parameters in the Arrhenius relationship. However, in disordered material systems like STF,
there is not a single barrier or prefactor. The diffusion of oxygen ions through the solution emerges from many
competing factors, including (i) oxygen ion concentration, (ii) short-range order and other configurational
tendencies, (iii) presence of blocking sites and percolation of diffusion networks. Unraveling the effect of
these contributions requires sampling over multiple ensembles to extract the dominant trends.
Most often, diffusion in complex configuration spaces is treated using stochastic approaches such as
kinetic Monte Carlo. However, it can be challenging to generate sufficient statistics and account for the
effects of correlation in diffusion. In this chapter, an alternative approach based on the direct solution of
the master diffusion equations is used instead. This method inherently accounts for the effects of correlation
and can be applied efficiently to generate sample statistics. To apply the method, an approach based
on kinetically resolved activation (KRA) is used to describe hopping barriers, and an additional cluster
expansion is developed to predict KRA barriers. The hopping barriers are found to be sensitive to the
local atomic environment, a result of the strong binding between Fe species and oxygen vacancies. The
competition between vacancies serving as blocking sites for oxygen ion hopping and percolation of diffusion
networks gives rises to intriguing non-monotonic trends in how the diffusion coefficient depends on STF
composition. The method introduced here is shown to reproduce the measured oxygen ion conductivity of
STF, obtaining diffusion coefficients within an order of magnitude of experiments in all cases.
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This chapter is based on the following reference, portions of which are reproduced here.
• Namhoon Kim, Tanmoy Chakraborty, Abhinav C. P. Jain, Heonjae Jeong, Nicola H. Perry, Dallas
R. Trinkle, and Elif Ertekin. “Predicting oxygen diffusivity and ionic conductivity of complex per-
ovskite oxide mixtures exhibiting disorder: application to iron-substituted strontium titanate,” To be
submitted.
5.1 Abstract
Perovskite-derivative mixed ion–electron conductors (MIECs) are of interest in a wide range of appli-
cations due to their ability to conduct both ions and electrons. Since these materials are often mixtures
with large elemental substitutions, accelerated computational development of MIECs requires accounting for
how properties vary with composition and configurational disorder. Traditional methods for predicting ion
transport rely on simple estimates of diffusion barriers and prefactors, and rarely account for atomic-scale
configuration. Such approaches are not suitable for capturing effects such as disorder, short-ranged order,
and their influence on transport, which is necessary to optimize properties over an expanded composition
space. In this work, we present an efficient computational approach to predict the oxygen diffusivity and
ionic conductivity of solid solutions of varying composition accounting explicitly for configurational disorder.
We demonstrate our approach on Fe-substituted SrTiO3 (STF, SrTi1−xFexO3−d), a representative MIEC
across the composition space (0 ≤ x ≤ 1). Cluster expansion and Monte Carlo sampling is used to generate
realistic configurations, and a local cluster expansion evaluates kinetically resolved activation barriers for
oxygen hopping. The oxygen diffusivity is obtained from the steady-state solution to the master diffusion
equations constructed for realistic configurations at each composition, which efficiently handles correlations
due to a large difference of hopping rates in disordered materials. We observe that the diffusivity depends
upon combined effects of the oxygen vacancy concentration, ion hopping energetics in disordered configu-
rations, and atomic ordering between substitutional Fe and O vacancies. Short-range ordering between Fe
and vacancies creates traps for oxygen ions, resulting in a non-uniform increase in diffusivity with Fe con-
centration. With large Fe incorporation, fast ion diffusion results from percolation of the diffusion network
through the orderings. The predicted ionic conductivities of STF in the full composition range show excellent
agreement with experiment, lying within one order of magnitude across all compositions. This underlying
approach may be applied to other disordered mixtures, and thus facilitate materials design for MIECs.
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5.2 Introduction
Chemically and structurally complex oxides, such as yttria-stabilized zirconia, lanthanum strontium
manganite, and iron-substituted strontium titanate, exhibit rich functional properties including high ionic
and electronic conductivities.7 These mixed ion–electron conductors (MIECs) are widely used in various
electrochemical systems, including electrodes in solid oxide fuel and electrolyzer cells. The focus of several
studies has been on developing materials with better conducting properties.43,45 In particular, it is necessary
to reduce the operating temperature, and this has encouraged the development of new materials that can
maintain high ionic conductivity even at reduced temperatures.4,5 Perovskite metal oxides (ABO3) are
excellent materials for designing MIECs due to their compositional variety and flexibility to accommodate
partial substitutions on the A- and B site sublattices.6,20 One representative example is SrTi1−xFexO3−x/2+δ
(STF), a promising cathode material for intermediate-temperature solid oxide fuel cells.8,9 Fe partially
replaces the B-site Ti in strontium titanate (SrTiO3), and STF forms a continuous solid solution over the
entire composition range from SrTiO3 (x = 0) to SrFeO2.5 (x = 1) as illustrated in Figure 5.1(a).
17,98 Fe
substitution induces the formation of oxygen vacancies VO, because V
··
O can compensate for the different
oxidation states between Ti4+ and Fe3+ while maintaining charge neutrality. In general, the substitution
enhances the ionic conductivity, due to the fact that the induced vacancies aid oxygen ions transport via a
vacancy-mediated hopping mechanism.18,22,64
The development of mixed conducting materials requires an in-depth understanding of the relationship
between atomic compositions and the conducting properties. However, studies that focus on quantitative
analyses of these relationships are limited, even for commonly used materials. Most MIECs, including
perovskite-derivative compounds, exhibit significant configurational disorder due to large partial substitu-
tions, which presents a major challenge.19,60 For example, STF is a solid solution exhibiting disorder in the
form of Ti and Fe on the B-site and of O and VO on the O-site sublattice. In our previous work,
115,129,132
we found that STF is a solid solution without long-range ordering, and that compared with the ground
state configuration (shown in the middle of Figure 5.1(a)), the disorder in atomic configurations becomes
even more prominent with increasing temperature as expected (Figure 5.1(b)). For ordered materials like
SrTiO3, the oxygen hopping rate is expressed by the Arrhenius relationship, which depends on a single
energy barrier and a prefactor. However, in disordered materials like STF, the oxygen ion is transported
along a diffusion network surrounded by a disordered local atomic arrangement, as illustrated schematically
in Figure 5.1(c). Consequently, it is difficult to predict the overall diffusion rate of the oxygen ion, as jump
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Figure 5.1: (a) Atomic models of perovskite SrTiO3 (left), SrTi1−xFexO3−x/2 (middle), and brownmillerite
Sr2Fe2O5 (right). (b) An example of SrTi1−xFexO3−x/2 (x = 0.5) with disordered atomic configuration. (c)
Oxygen ion hopping landscape in crystalline (top) vs. disordered materials (bottom).
rates will have varying energy barriers. Therefore, it is essential to develop comprehensive computational
approaches that can overcome the complexity of the disordered atomic configurations and provide a reliable
method for predicting the composition–conductivity relations of the materials.
The ionic transport properties of the disordered material have been analyzed with the successive scheme,
density functional theory (DFT) calculation → cluster expansion (CE) method → kinetic Monte Carlo
(KMC) simulation.27–30,133–136 CE method can efficiently predict energy shifts, caused by changes in the
atomic configuration, using fitted datasets on training configurations and their DFT energies.36,37 There-
after, KMC can simulate atomic transport along the diffusion pathways using the predicted fluctuating
energies.38 This approach has been applied to various materials to examine their ionic diffusivities, such as
Li diffusion in LixCoO2,
133 Li1+xTi2O4,
134 and LixTiS2,
135,136 and O diffusion in yttria-stabilized zirconia
(YSZ).27–30 We found that several features make it difficult to predict the diffusivity in STF. First, unlike
the Li conducting materials, STF contains a large amount of VO, because of which the modeling of the
disordered atomic configurations and calculation of the transport energy barriers is complex. Additionally,
unlike the YSZ, where the energy barrier depends only on adjacent cations, the presence of other VOs should
be considered when determining the barriers.
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In this study, we describe a new formalism that, starting from first principles, enables calculation of the
ionic diffusivity and conductivity of solid solutions spanning across wide composition ranges and accounting
explicitly for the disorder present. Similar to traditional approaches, CE is used to estimate the energetics
of different configurations of the disordered solid solution. Transport calculations are done on modeled
atomic configurations, which were sampled from multi-sublattice CE and Monte Carlo (MC) simulation at
specific thermodynamic environments, rather than on random atomic distributions. Instead of using KMC,
the oxygen ion diffusivity is obtained from the steady-state solution of the master diffusion equation, which
efficiently accounts for correlations resulting from different hopping rates in disordered materials.39,40 This
master equation method has been used to predict the transport coefficients of solute atoms diffusing via
interstitial and vacancy-mediated mechanisms.137–140 We apply this formalism to STF to calculate the
diffusion coefficient of the single VO, which diffuses through a network of occupied oxygen sites. From the
VO diffusivity, we calculate the oxygen ion diffusivity and the conductivity of STF in full composition range
(0 ≤ x ≤ 1) to study the effect of Fe substitution on ionic transport properties.
We find that the oxygen ion diffusivity of STF is sensitive to the combined effects of the oxygen vacancy
concentration, the oxygen ion hopping energetics in the disordered atomic configurations, and the short-range
ordering present between the substitutional Fe and VO. Even though the diffusivity generally increases with
Fe substitution as reported in oxygen tracer diffusion studies,64 the diffusivity cannot be accurately predicted
solely by considering the amount of Fe substitution or the oxygen vacancy concentration especially at reduced
temperature. The short-range ordering between Fe and VO hinders oxygen mobility and induces complex,
nonuniform relationships between the diffusivity and the Fe concentration. At high Fe content, however,
we discover fast ion diffusion channels which enable percolation of oxygen ions across the connected Fe–VO
orderings. The predicted ionic conductivity shows good agreement with the experimental measurements on
ionic conductivity, lying within an order of magnitude across the entire composition space. We expect that
the framework introduced here, combining cluster expansion Monte Carlo and direct solution of the master
diffusion equations, may be a useful approach for predicting ion transport in complex disordered materials.
5.3 Methods
The movement of oxygen ion in the perovskite oxide materials occurs via vacancy-mediated hopping.26
An oxygen ion can jump to a neighboring O-site if the neighboring site is not already occupied, and after
the jump, the original site becomes vacant. In parallel, we can consider the same process to be described by
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a VO hopping to an adjacent occupied O-site. As illustrated in Figure 5.2(a), the vacancy possibly jumps to
one of its adjacent occupied oxygen sites like an interstitial solute that migrates over a connected diffusion
pathway. In terms of the VO hopping, neighboring vacant oxygen sites become blocking sites. It is more
computationally efficient to track the vacancies than the oxygen ions because the number of VO are typically
fewer than the number of O. The ratio between the number of vacancies and oxygen ions is at most one to
five for x = 1 in SrTi1−xFexO3−x/2+δ, and becomes quickly reduced as x approaches 0. Values of x spanning
0 ≤ x ≤ 1 are considered here. Therefore, we focused on obtaining vacancy diffusivity and later convert it
to oxygen ion diffusivity by considering jump balance between oxygen ions and vacancies.
Figure 5.2: (a) An atomic model showing an oxygen vacancy hopping to one of its nearest occupied oxygen
site. Oxygen vacancies cannot jump to unoccupied oxygen sites. (The A-site sublattice is not shown.) (b)
The energetics of the transition and concept of kinetically resolved activation (KRA) barrier.
For an ionic jump from site i to j, an absolute jumping rate is given by λi→jρi, where λi→j is the
transition rate, and ρi is the probability of site occupancy. From transition state theory, the equilibrium site
probability and the transition rate follow the Arrhenius relation141
ρi = ρ
0
i exp (−Ei/kBT ) , λi→j = λ0i→j exp (−Ei→j/kBT ) (5.1)




i→j are prefactors for the static and
transition state, respectively. Here the site energy Ei is the relative vacancy formation energy at site i, and
the transition energy Ei→j is the energy barrier from site i to j as illustrated in Figure 5.2(b).
STF exhibits a disordered atomic configuration, and thus contains symmetrically unrelated sites and
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transitions. Therefore, the site and transition energies vary between available sites and transitions due to
inequivalent ionic configurations and interactions. The ionic diffusivity of the disordered material can instead
be determined as a summation over all possible diffusion networks with varying energies and prefactors. We
obtain the oxygen vacancy diffusivity by assembling and then solving the steady-state master diffusion






δxi→j ⊗ δxi→jλi→jρi +
∑
i
bi ⊗ γi (5.2)
where δxi→j is the displacement from site i to j, bi is the scaled velocity vector, and γi is the bias correction
vector. The second term in Equation (5.2) accounts for the contribution of correlated jumps due to the
unbalanced ionic interactions resulting from varying local atomic environment, i.e. the concentrations of
cations and oxygen ions. Similar to λi→j and ρi, bi, and γi are determined by the site and transition
energies. Hence, we can solve Equation (5.2) to obtain the diffusion coefficient of a single VO, if all the
symmetrically distinct sites and the transition energies of the disordered system are known.
Accurate descriptions of the site and transition energies are essential to obtain accurate predictions of
the ion diffusivity. Even though the site and transition energies can be accurately calculated using DFT,
it is challenging to calculate the energies of all sites and transitions as a result of the need to sample over
multiple representative configurations in the disordered mixture. The CE method has been used to efficiently
predict the energy change due to variations of atomic configuration. In the CE method, the configurational
properties of the system, such as site and transition energies E, are expanded with basis sets, i.e., clusters








The cluster function Φα is a product of occupation variables σi, for sites i within cluster α. The coefficient
Vα is called the effective cluster interactions (ECI), and it can be obtained from regression analysis on
Equation (5.3) using training data sets of atomic configurations and their DFT energies.
Once we develop the CE model, we can quickly calculate the configuration dependent energies for any
given atomic configuration with high accuracy. We can also use the CE model together with Monte Carlo
sampling to generate representative configurations of the disordered system at any composition and temper-
ature. These configurations are then used to evaluate site and transition energies in Equation (5.1), needed
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to assemble the master diffusion equations and solve for D using Equation (5.2). The CE to describe STF
across the full composition space 0 ≤ x ≤ 1 has been described in Chapter 4. Here, an additional new CE
model to describe transition energies Ei→j using KRA across the whole composition space is presented and
utilized.
We performed DFT calculations on STF atomic models with different atomic configurations to prepare
training data sets for the CE. The spin-polarized DFT calculations31,32 were carried out with the Vienna Ab
Initio Software Package (VASP).75,76 The generalized gradient approximation of Perdew–Burke–Ernzerhof
(PBE)35 was used for the description of exchange-correlation, and the Hubbard U79,80 was applied to
transition metals to treat the strong on-site Coulomb interaction of localized electrons.86,87 From a previous
study, we found that PBE + U with U = 3 eV for Ti and U = 5 eV for Fe reasonably captures the electronic
structure of STF.115 The volume of STF was adjusted from SrTiO3 in accordance with the amount of Fe
substitution, and the internal atomic coordinates were relaxed until the force acting on each ion was less than
0.01 eV/Å. The projector augmented wave pseudopotentials77,78 were used to represent the core electrons
of constituent atoms. The Kohn–Sham orbitals were expanded in a plane-wave basis set with sufficient
energy cutoff and k-point sampling of the Brillouin zone so that the total energy converged to the number
of significant figures shown. In addition to the total energy, we calculated the energy barrier of the ionic
jump using the climbing image nudged elastic band method.142,143 All atomic models shown in the figures
were prepared using the Visualization for Electronic and Structural Analysis (VESTA) program.116
5.4 Results and Discussion
5.4.1 Local Cluster Expansion of the Transition Energy
We built two separate CE models to predict the site Ei and the transition Ei→j energies of VO species
as they move through the diffusion networks of the disordered material. For the latter, we constructed a
local CE model that parameterizes the transition energy by the local atomic configuration. By combining
the CE model built during this study with the CE model that we exploited for the site energy in Chapter 4,
we obtained the full energetics of the VO diffusion in any arbitrary arrangement of atoms.
Compared with the CE describing site energies (thermodynamic properties) of the material, the local CE
for kinetic properties like transition energy requires specialized treatment to correctly capture features of
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the transition state. The transition state energy depends strongly on the local ionic interactions between the
migrating ion and its neighbors. Therefore, the energy E in Equation (5.3) should be expanded by cluster
functions of site i and clusters α that account for these local interactions. First, for the sites, we set a cutoff
radius and consider only sites close to the swapping ion and vacancy pair. Figure 5.2(a) shows one example
of the selected sites within 5.1 Å away from the pair. Second, we forced clusters to include the swapping
pair to differentiate the same clusters located at different distances from the jumping site; this is because
the ions in that vicinity influence the transition energy more than ions at distant. For example, two Ti–O
clusters shown in Figure 5.2(a) are equivalent in the conventional CE. Hence, they are related to one cluster
function even though it is evident that the one that is close to the migration site has more effect on the
barrier energy. However, by including the swapping O and VO pair and the Ti–O together in one cluster,
the two clusters become distinguishable, and they can have separate ECIs.144,145
One more consideration to the local CE arises from the directional dependence of the transition energy.
The system energies before and after the VO jump are different if the atomic configuration is not equivalent
by symmetry. Therefore, the transition energy from site i to j is different from site j to i (Ei→j 6= Ej→i), as
shown in Figure 5.2(b). This causes a problem in conventional CE because we cannot predict two values from
one atomic configuration. A kinetically resolved activation (KRA) barrier model was proposed to overcome
this problem, and the KRA energy ∆EKRA is defined as
133
∆EKRA = Et −
1
2
(Ei + Ej) (5.4)
The KRA energy is independent of the direction of the jump, and thus the barrier can be estimated from
the local atomic configuration using the CE method. Once the KRA energy is determined, the forward and
backward energy barriers can be induced by combining the KRA energy with the site energies. In rare cases,
the barrier predicted has a negative value due to the approximate nature of the CE model. To prevent errors
in calculating the diffusivity, we set the minimum value to 0.001 eV to make all transitions have a finite
energy barrier.30,146
We constructed the local CE model for KRA energy based on a training data set of DFT calculations
on VO hopping at 90 different local atomic configurations. Each local configuration was created from a
perovskite SrTiO3 supercell containing 160 atoms by randomly introducing Fe and VO to the B- and O-
sites, respectively, within the cutoff distance. One example of these configurations is shown in Figure 5.2(a),
and the remaining B- and O-sites of the supercell not shown in the figure are occupied by Ti and O atoms.
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Figure 5.3: (a) Comparisons of the kinetically resolved activation (KRA) energy calculated by the DFT vs.
predicted by the local CE. (b) Types of the oxygen vacancy hopping categorized by three nearest neighboring
cation species. Each data point in (a) is colored according to the jump type, as shown in (b). The blue,
brown, red, and black atoms are Ti, Fe, O, and the oxygen vacancy, respectively.
We determined the clusters and their ECIs for the local CE model by fitting predicted KRA energies to
the calculated DFT energies using the nudged elastic band method,142,143 and the resulting fit is shown in
Figure 5.3(a). During this process, we selected only key clusters from candidate clusters by applying least
absolute shrinkage and selection operator (LASSO) regression and k-fold cross-validation to prevent both
under- and over-fitting. A detailed description of the procedure can be found in Chapter 4. Figure 5.4(a)
shows the 12 selected clusters’ ECIs in ascending order, and Figure 5.4(b) shows the atomic models of the
representative clusters with a high absolute value of ECIs.
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, is 0.83. The predictability could not be improved further
because a small subset of pathways involve traversing through two saddle points with a metastable local
equilibrium in between. We observed that not only the nearest ions, but also many ions around the hopping
VO, are involved in determining the transition energy barrier. The data points in Figure 5.3(a) are differently
colored according to the cases categorized by the atomic species of the three nearest neighboring cations
to the swapping O and VO, as shown in Figure 5.3(b). Even though the effect of the nearest cations on
the transition energy is expected to be large, the data points for each configuration in Figure 5.3(b) are
distributed across a wide range of energies. Compared with metal alloys,100,101,146 the transition state
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Figure 5.4: (a) Effective cluster interactions (ECIs) of all selected clusters are shown in ascending order.
(b) Atomic models of representative clusters that have a high absolute value of ECI. The double-headed
arrow represents the oxygen ion hopping to the near vacant oxygen site.
energy is more sensitive to the more distant ions due to the ionic nature of the bonding between transition
metals and oxygen in STF.26 In addition, unlike materials where the ions diffuse along a relatively straight
reaction pathway (e.g. yttria-stabilized zirconia),27,28,147 VO migrates to the nearest oxygen site via a
curved pathway, as illustrated in Figure 5.2(a) and Figure 5.3(b). Hence, the activation barrier depends not
only on a few cations in the middle of the reaction path but also depends strongly on the position of other
cations and vacancies.134,136,148
We identified the distinct characteristics of the VO diffusion in STF by analyzing the clusters that appear
and their ECI within the local CE model. First, we found that the KRA energies are generally higher when
the VO jumps around Fe than around Ti. According to the data shown in Figure 5.3(a), the cases labelled
2-1, 2-2, and 2-3, in which the VO pivots around Fe, have higher KRA energies than counterparts 1-1, 1-2,
and 1-3, in which the VO pivots around Ti. This feature is also noticeable by comparing selected clusters
and their ECI. In Figure 5.4, the clusters with positive ECI increase the KRA energy, while the clusters with
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negative ECI decrease the KRA energy. Among the clusters with positive ECI, clusters K and L with Fe at
the pivot site have higher ECI than clusters I and J with Ti at the pivot site, affirming that the presence of
Fe hinders VO hopping. Secondly, we found that the KRA energy is relatively low when there exists an Fe
atom neighboring one or both of the swapping O and VO. This corresponds to cluster A in Figure 5.4(b)
where Fe is present at the neighboring site in addition to the pivot site. Since cluster A has the lowest ECI,
it counteracts cluster K and L and facilitates VO hopping. As shown in Figure 5.3(a) KRA energies are
generally high in case 2-1, because the VO jumps around Fe. However, the energies decrease in case 2-2 and
2-3 compared with case 2-1, which is aided by another neighboring Fe. In the following sections, we will
address how these features affect the mobility of VO and determine the oxygen ion diffusivity in STF.
5.4.2 Oxygen Vacancy Diffusivity of the Fe-doped SrTiO3
Before analyzing the diffusion characteristics of STF across the full composition range, we compared the
oxygen vacancy diffusivity of pure and dilute Fe-doped SrTiO3 to identify the effect of Fe doping on the
vacancy mobility. For pure SrTiO3, we used a supercell containing 9× 9× 9 SrTiO3 units, and introduced
one VO. We created atomic models for dilute Fe-SrTiO3 by introducing two substitutional Fe atoms and
one VO to the same SrTiO3 supercell. This results in the smallest perturbation from pure SrTiO3, while
maintaining charge neutrality, and corresponds to an Fe concentration of [Fe] = 4.5 × 1019 cm−3, i.e. a
moderately doped system. The VO can move throughout all oxygen sites of SrTiO3 and Fe-SrTiO3, and in
the case of Fe-SrTiO3 the system energy fluctuates as the VO moves towards or away from Fe. These relative
energy changes, that is, the site energies, are obtained for all oxygen sites using our previous CE model.
In addition, the activation barriers for all diffusion paths connecting the nearest oxygen sites are obtained
using the local CE model for the KRA energy. Prefactors of transition states are obtained from DFT phonon
calculations. Finally, we obtain the diffusion coefficient of VO (DVO) by solving Equation (5.2).
The DVO in SrTiO3 and Fe-SrTiO3 are shown in Figure 5.5(a). The black line with circle data points
indicates the DVO in SrTiO3. In the crystalline material, VO is transported through symmetrically equiv-
alent diffusion networks, hence the diffusion coefficient follows a simple Arrhenius relation. The calculated
activation barrier and the prefactor for the VO hopping are 0.63 eV and 2.5 THz, respectively. The energy
barrier agrees well with other reported values that fall within the range of 0.62 to 0.67 eV from experimen-
tal11,149–151 and computational studies.152–154 The calculated DVO matches well with the global expression
extracted155 from the literature,149 based on several experimental results (dashed gray line).
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Figure 5.5: (a) Arrhenius plot for the diffusion coefficients of the oxygen vacancy in pure (black) and
Fe-doped SrTiO3 with an isolated Fe (blue) and with Fe–Fe ordering (red), respectively. The dashed gray
line is a global expression for the vacancy diffusivity of SrTiO3 obtained experimentally.
149 (b) The site
energies and the kinetically resolved activation (KRA) energies around Fe–Fe ordering in Fe-SrTiO3.
We prepared two configurations for Fe-SrTiO3 and calculated the diffusivity for both. Both configurations
contain two Fe atoms, but in the first, the atoms are placed as far apart as possible to mimic an isolated
Fe dopant. In the second, by contrast, the Fe atoms are located at neighboring cation sites to represent
Fe–Fe ordering. In Figure 5.5(a), the blue line with triangular markers represents the DVO for the first
configuration, and the red line with square markers represents the DVO for the second. We found that Fe
doping decreases the diffusivity compared to pure SrTiO3, as observed in the tracer and chemical diffusivity
measurement of Fe-SrTiO3.
156,157 This effect is more evident if complexed Fe–Fe are present.
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A single Fe ion and two neighboring Fe ions can respectively become shallow and deep traps when the
vacancy comes in their vicinity, which hinders VO mobility and reduces the VO diffusivity. Figure 5.5(b)
shows the site and KRA energy of the diffusion network around Fe–Fe in the second configuration. The
oxygen site that has two Fe neighbors has the lowest site energy, which is 0.43 eV lower than the site with
one Fe neighbor and 0.83 eV lower than the other sites away from Fe. The energy barrier to escape from the
lowest energy site is 0.91 eV based on the site and KRA energies. Therefore, the tendency of STF to exhibit
short-range ordering of Fe and VO is strong, due to the low VO formation energy and the high transition
barrier of the oxygen site neighboring Fe ions. It is also the case for the single Fe in the first configuration,
which shows a 0.32 eV binding energy and 0.73 eV energy barrier. The presence of VO at the first nearest
site of Fe has been identified through X-ray absorption spectroscopy.60,120,121
5.4.3 Oxygen Ion Diffusivity of STF across the Full Composition Range
We now consider how the oxygen ion diffusivity changes in SrTi1−xFexO3−x/2+δ in accordance with the
Fe content in the full composition range (0 ≤ x ≤ 1). Having established that the short-range ordering
between Fe and VO significantly affects the diffusivity, it is critical to accurately model the disordered
atomic configurations of STF as a function of composition and temperature. Monte Carlo simulations of
lattice models have been used for substitutional alloys to estimate thermodynamic properties by sampling
the probability distribution of the configuration space and generating ensembles.38,158 By combining Monte
Carlo simulation with the CE model, we can generate representative atomic configurations, which can
be sampled to estimate properties. In Chapter 4, we obtained the mixing enthalpy of STF for specific
thermodynamic conditions. From this result, we generated 20 configurations for each Fe content x and
temperature T considered, and obtain the diffusivity by averaging over the samples.
When obtaining the diffusivity, the prefactor for the transition state should be determined for all available
diffusion networks.159 However, as expressed in Equation 5.1, the transition rate is mainly determined by
the energy barrier rather than the prefactor, and it is computationally expensive to obtain prefactors for
every possible transition. We calculated the average value of the prefactor in disordered SrFeO2.5 (x = 1.0),
and find it to be 7.9 THz. Since the prefactor for SrTiO3 (x = 0.0) is found to be 2.5 THz, here we simply
estimated that the prefactor of the transition state in STF increases linearly from 2.5 to 7.9 THz as a function
of the Fe content x.
In this analysis, we report oxygen ion diffusivity of oxidized STF materials, which reflects the thermo-
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dynamic environment when STF is used as a cathode for intermediate-temperature fuel cells. The diffusion
coefficient of the oxygen ion, DO, can be obtained from the vacancy diffusivity DVO by considering the jump
balance, cODO = cVODVO where cO and cVO are the oxygen and oxygen vacancy concentrations, respec-
tively.26,28 We adjusted the oxygen and vacancy concentrations to reflect the oxygen nonstoichiometry δ of
the material at the operating conditions of the fuel cell. Although a combination of one VO formation per
two Fe substitution (δ = 0) is generally favorable under a wide variety of thermodynamic environments,17,19
the nonstoichiometry takes sharp excursions away from δ = 0 under more oxidizing or reducing condi-
tions.63,66,128 STF becomes oxidized at high temperature and high oxygen partial pressure. Therefore, the
value δ was set to x/8 based on the results from thermogravimetric measurements on SrTi1−xFexO3−x/2+δ
when x = 0.35 and 1.0.66,74
The oxygen ion diffusion coefficient for oxidized SrTi1−xFexO3−x/2+δ (δ = x/8) is shown in Figure 5.6(a)
as a function of the Fe content x. The color of the lines represents the temperature as shown in the legend.
The data shown for an Fe content of zero is in fact obtained at x = 0.003, which corresponds to Fe-doped
SrTiO3 with Fe concentration of 4.5× 1019cm−3. The DO strongly depends on the Fe content and it varies
by several orders of magnitude over the full composition range of Fe. We identified several distinct features
of oxygen ion diffusion in STF. First, as we observed in the previous discussion for dilute Fe, there is a
notable decrease in DO at a low Fe ratios with x < 0.25 when the temperature is below 900 K. Second, as
expected from oxygen tracer diffusion studies,64 the DO generally increases with Fe substitution especially
above an intermediate-temperature range. Lastly, the DO dips slightly when the Fe ratio is 0.5 and it drops
significantly when the Fe ratio approaches 1.0 at 300 K. We discuss these three observations by comparing
them with ion diffusion in YSZ, which is an ion conducting material commercially used as a solid electrolyte
in fuel cells. Similar to STF, the diffusivity of oxygen ion in YSZ is enhanced as the yttria (Y2O3) content
increases relative to zirconia (ZrO2) because the substitution of Zr
4+ with Y3+ introduces VOs.
The initial decrease in diffusivity at low Fe is due to the short-range ordering between Fe and VO, as
described in the previous section. A single Fe ion or two neighboring Fe ions can become shallow and deep
trap for VO hopping by forming Fe–VO and Fe–VO–Fe, respectively. We find that all vacancies in the
STF samples at low temperatures are associated with two Fe ions. The negative effect of the short-range
ordering on the diffusivity surpasses the positive effect of the increased VO concentration; thus, the oxygen
diffusivity decreases with increasing Fe substitution until the Fe ratio is around x =0.125. This behavior is
not observed in YSZ, where the oxygen ion diffusivity is enhanced with increasing Y content even at low
Y concentration.27–29 This is because there is less tendency for ordering between Y and VO, for which the
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Figure 5.6: (a) The diffusion coefficient of the oxygen ion in oxidized SrTi1−xFexO3−x/2+δ (δ = x/8) as
a function of the Fe ratio x. (b) The site energies and the kinetically resolved activation (KRA) energies
around connected Fe–VO strings in a toy model.
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binding energy differs by only 0.22 eV when VO is located at the first nearest neighbor and when it is located
at the fourth nearest site from Y.27 The short-range effect on the diffusivity of STF is not noticeable above
1200 K. This is as a result of a combined effect of the higher jump rate obtained from the Arrhenius relation
to the temperature, and the formation of more disordered atomic configuration arising from configurational
entropy. We found that, from the Monte Carlo simulations, some of the Fe–VO–Fe clusters break down to
Fe–VO as the atomic configurations disorder at high temperatures; thus, the decrease in the mobility of the
VO is less significant.
The oxygen ion diffusivity increases as more Ti are replaced by Fe even at low temperatures. We
discovered that the increased oxygen vacancy content and a percolation effect facilitates ion mobility. First,
the higher vacancy content means that there are more available sites for jumping of oxygen ions. As Fe
substitution introduces VO, the oxygen diffusivity DO increases due to the increased vacancy concentration
cVO and decreased oxygen concentration cO as described in the jump balance relations above. The ratio
cVO/cO increases from 0.00 to 0.14 for oxidized STF when Fe content x increases from 0.0 to 1.0. Second, we
found that fast ion diffusion channels are activated when the Fe content is high, and this enables enhanced
oxygen ion mobility around Fe ions. With a larger amount of Fe present, isolated clusters of Fe and VO
become connected into a network and form a linear or a kinked string of Fe–VO. Such Fe–VO strings were
observed via Mössbauer spectroscopy in STF with an Fe content of 0.5 ≤ x ≤ 0.7.126 Figure 5.6(b) shows
sections of a toy model that contains Fe–VO strings, and the calculated site as well as the KRA energies
of the diffusion networks are colored accordingly. As discussed in the previous section, the oxygen sites
neighboring Fe ions have low site energies, and the diffusion paths that link two oxygen sites around Fe
ions have higher KRA energies. However, the diffusion path indicated by black arrows in Figure 5.6(b) that
connects oxygen sites via alternating Fe–O–Ti and Fe–O–Ti chains to an adjacent O-site in Ti–O–Ti has a
lower energy barrier than that of the path that is not associated with any Fe ions. Moreover, as expected
from the CE results, the VO can jump out of the O-site in Fe–O–Fe when aided by another neighboring
Fe ion that neighbors the arrival O-site as indicated by a red arrow in Figure 5.6(b). Therefore, the DVO
increases with larger Fe content, and with increased vacancy concentration this results in the enhanced DO.
This characteristic is not always observed in other metal oxides. For example, the DO of YSZ reaches a
maximum at a Y2O3 mole fraction of approximately 0.1,
28 and it decreases as more Y atoms replace the
Zr atoms.27–29 In YSZ, the oxygen ion jumps between two adjacent tetrahedra by passing the edges of two
cations, Zr–Zr, Zr–Y, or Y–Y. The reduced diffusivity is mainly caused by higher migration barriers across
the Zr–Y and Y–Y edge than that of Zr–Zr. However, in STF, even though the transition energy around
an Fe ion is generally higher than that around a Ti ion, the oxygen diffusivity increases with increasing Fe
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content due to the presence of fast ion diffusion channels across the connected Fe–VO orderings.
The oxygen diffusivity does not increase uniformly, especially at low temperatures, and it decreases
significantly when the Fe ratio x is above 0.875 at 300 K. We observed that STF starts to form a super-
structure when the Fe content is high. The superstructure has an ordered atomic configuration similar to
the brownmillerite Sr2Fe2O5 in which the ordering of Fe and VO form alternating layers of FeO6 octahedra
and FeO4 tetrahedra, as shown on the right side of Figure 5.1(a). Also, there is a small dip in oxygen
diffusivity at x = 0.5 evident at low T , also due to superstructuring of three octahedral planes alternating
with a tetrahedral one, as shown in the middle of Figure 5.1(a). This brownmillerite like ordering of STF
was observed via Mössbauer spectroscopy studies at x = 0.5127 and transmission electron microscopy images
at x = 0.8.122 A similar trend was observed for lithium-ion diffusion in layered LixCoO2
133 and LixTiS2,
135
where the ordering locks up Li ions from hopping.
In conclusion, the oxygen ion diffusivity of STF depends on the combined effects of oxygen vacancy con-
centration, oxygen ion hopping energetics in the disordered atomic configurations, and the atomic ordering
between the substitutional Fe and VO. We found that the ionic diffusivity of disordered STF cannot be ac-
curately predicted by solely considering the amount of Fe substitution or the oxygen vacancy concentration.
Therefore, we utilized a different approach, which involves sampling the atomic configurations to predict
the oxygen diffusivity by solving the master diffusion equation using first-principles estimates of transport
energetics to address the disordered configurations. The approach allows determination of the oxygen ion
diffusivity, accounting for the effects of short-range order and disorder, across the full solid solution com-
position space of STF. We validate this approach in the following section by comparing our results to the
oxygen ion conductivity obtained experimentally.
5.4.4 Ionic Conductivity of STF
Using on the diffusivity results, we next calculated the oxygen ionic conductivity and compared it with
experimental measurements to validate our approach. STF is a mixed conducting material that shows
predominant n-type electronic conductivity at low oxygen partial pressure, p-type conductivity at high
oxygen pressure, and ionic conductivity at intermediate pressures.19,58,99 In the thermodynamic environment
where ionic conduction is dominant, the concentration of oxygen vacancies is several orders of magnitude
higher than the concentration of n- and p-type carriers.19,66 In this temperature and oxygen partial pressure
range, the oxygen nonstoichiometry is close to zero (δ = 0).66,115 Hence, we calculated the DO of STF at a
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reference composition δ = 0, and converted it to ionic conductivity via σO = nqµO, together with Einstein
relation,160 µO = DO(q/kBT ), where n is the number density and q the electric charge of the oxygen ion.
Figure 5.7: Arrhenius plot of the oxygen ionic conductivity of SrTi1−xFexO3−x/2+δ with the experimental
results obtained from the literatures.19,58,99 The data points are colored according to the Fe ratio as indicated
on the right.
The resulting Arrhenius plot for the oxygen ionic conductivity of STF is shown in Figure 5.7 with
experimental results19,58,99 for comparison. The calculated data points are connected by either a line
or a dashed line with different colors representing a Fe ratio x. The σO is proportional to the number
density n multiples by the DO, and consequently, the ionic conductivity has similar trends with the ionic
diffusivity. The conductivity increases almost uniformly with the incorporation of Fe due to the increased
vacancy-mediated oxygen hopping and fast diffusion channel through Fe–VO strings. However, we observed
nonuniform behavior of the conductivity, especially below 900 K, which is due to the short-range ordering and
the superstructure that hinder oxygen from jumping to the vacant site. The predicted ionic conductivities
in the full composition range matches with the experimental observation within one order of magnitude
differences. This agreement is especially good, considering that the calculations are based solely on the
first-principles data without any experimental inputs. This computational approach, therefore, can provide
valuable predictions at intermediate temperature ranges where experimental measurements are limited.
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5.5 Conclusions
We have carried out a detailed computational assessment of the oxygen ion diffusivity and conductivity
of the complex perovskite oxide mixture SrTi1−xFexO3−x/2+δ, exhibiting configurational disorder. For this,
we introduce and demonstrate an alternative approach that builds on successive schemes, including first-
principles modeling atomic configurations, CE prediction of configuration energetics, and determining of ion
diffusivity via solution of the master diffusion equations. This framework provides an efficient and accurate
way to capture the effects of local atomic ordering on the ion mobility in disordered materials, accounting for
effects of stoichiometry, short-range order, traps and blocking sites, percolation of diffusion networks, and
other features. We observed that the oxygen ion diffusivity depends upon combined effects of the oxygen
vacancy concentration, oxygen ion hopping energetics in disordered configurations, and atomic ordering
between substitutional Fe and VO. As expected, the diffusivity is generally enhanced with Fe substitution,
but the increase is not uniform due to the effects of short-range ordering and fast diffusion channels. The
short-range ordering between Fe and VO creates traps for oxygen ions and hinders ionic mobility, but
connected Fe–VO orderings enable fast percolation of oxygen ions. These effects on the diffusivity are more
distinct at low to intermediate temperatures. We compared calculated ionic conductivities to experimental
measurements, and they show good agreement across extended composition and thermodynamic ranges.
Although this study focused on the STF perovskite mixture, the underlying approach is also applicable to
other disordered solid solutions. Therefore, it may shed light on design of MIEC materials via optimization





The work presented in this thesis is concerned with advancing the state-of-the-art in the computational
modeling and simulation of disordered materials. The work focuses on understanding atomic and electronic
structure of perovskite-derivative compound SrTi1−xFexO3−d (STF) (Chapter 3), developing a comprehen-
sive computational approach that can overcome the complexity of the disordered multisublattice system
(Chapter 4), and providing a reliable method for predicting the composition and the ionic conductivity
relations (Chapter 5). The bottom-up, successive scheme is demonstrated that links first-principles density
functional theory (DFT), cluster expansion (CE), and direct solution approaches to the master diffusion
equations to obtain quantitative predictions of electronic structures, ordering tendencies, and ion transport.
The main contributions presented here are as follows.
• We present a first-principles modeling approach for the perovskite-derivative solid solutions. Using
this approach, the atomic and electronic structures of the STF solid solution can be understood as a
mixture of its two end-members, the perovskite oxide and the ordered vacancy compound.
• We develop an improved CE method for the multisublattice systems. Using the proposed cluster
description for the multisublattice CE, meaningful interactions among atoms can be identified. This
method shows a systematic improvement over the traditional method in terms of prediction accuracy
and interpretability of the resulting CE model.
• We introduce and demonstrate an alternative approach that builds on successive schemes to carry
out a detailed computational assessment of the oxygen ion diffusivity and conductivity of the complex
perovskite oxide mixture. This framework provides an efficient and accurate way to predict the oxygen
ionic conductivity, accounting explicitly for the effects of disordered atomic orderings.
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The proposed computational framework is applied to the STF solid solution, the representative perovskite-
derivative mixed conducting material. This framework can successfully reproduce experimentally known
features of STF, including X-ray absorption spectroscopy evidences of the presence of the Fe–VO complexes,
thermogravimetric measurements of oxygen content, and optical measurements of band gap reduction with Fe
substitution (Chapter 3), transmission electron microscopic findings on ground-state structures (Chapter 4),
and ionic conductivity measurements in the full composition range (Chapter 5). Detailed understandings
beyond experimental observations relevant to STF are as follows.
• We confirm that the SrTi1−xFexO3−x/2+δ framework can serve as a good description of the STF solid
solution. The atomic and electronic structure of STF with low-energy configurations systematically
evolve from the characteristics of the end-member compounds, band insulator SrTiO3 and mixed
conductor Sr2Fe2O5. The reduction in the band gap with the increasing Fe content can be attributed
to this evolution associated with the broadening of the band edges and to the mid-gap states introduced
by the local atomic arrangements.
• Owing to the intuitive CE model, we determine novel features related to the atomic ordering, such as
blocking sites for VO transport. Also, in conjunction with Monte Carlo simulations, the contribution
of the configurational entropy is found, which counteracts the shallow positive mixing enthalpy of STF
and reduces overall Gibbs free energy of mixing. These findings can explain the seemingly contradictory
experimental observations on whether STF forms continuous solid solutions of SrTiO3–Sr2Fe2O5 or
superstructures with the long-range Fe–VO orderings.
• We identify that the oxygen ion diffusivity depends upon combined effects of the oxygen vacancy
concentration, the oxygen ion hopping energetics in disordered configurations, and the atomic ordering
between substitutional Fe and VO. As expected, the diffusivity is generally enhanced with the Fe
substitution, but the increase is not uniform due to the effects of short-range ordering and fast diffusion
channels. The short-range ordering between Fe and VO creates traps for oxygen ions and hinders ionic
mobility, but connected Fe–VO orderings enable fast transport through percolated channels. These
effects on the diffusivity are more distinct at low to intermediate temperatures.
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6.2 Future Directions
The work presented here may be useful both as a specific methodology to determine the ion transport
properties of complex oxide mixtures, as well as for opening pathways to higher fidelity models of com-
plex, disordered structures that can be used in computational materials design and optimization. Although
this work is focused on the STF system, the underlying approach may also be applicable to other disor-
dered solid solutions, especially perovskite oxides and derivative compounds. Possible candidates include
La1−xSrxMnO3−d (LSM), a commercially used SOFC cathode material, and other research-level materials
for various electrochemical applications, such as La1−xSrxCoO3−d(LSC), La1−xSrxTi1−yFeyO3−d (LSTF),
La1−xSrxCo1−yFeyO3−d (LSCF), and Ba1−xSrxCo1−yFeyO3−d (BSCF).
Figure 6.1: Materials design of perovskite oxides.
Promising future work directions include addressing the remaining part of the mixed conductivity –
that is, electron carrier transport and conductivity – and establishing design principles for better mixed
conducting materials. A valuable lesson learned from our work is that unlike a common prediction using
simple relations between the substitution and the ionic conductivity, the ionic transport depends upon the
combined effects of the substitutions, the oxygen vacancy content, and the local atomic ordering. These
effects are expected to vary among materials because the constituent chemical species can have different
preferred oxidation states and dissimilar metal-oxygen bonding characteristics. Further, even when the
material is the same, the transport characteristics can vary at different chemical compositions as observed in
oxygen diffusion at low to intermediate temperature. Accelerated development of MIECs requires accurate
prediction of ionic and electronic conducting properties, accounting for constituent chemical species and
compositions. The work presented here may motivate further computational strategies to tackle this gap
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Type Oxides SrFe1−xTixO3−y,” Zeitschrift für anorganische und allgemeine Chemie, vol. 626, no. 1,
pp. 118–124, 2000.
[22] C. Y. Yoo and H. J. Bouwmeester, “Oxygen surface exchange kinetics of SrTi1−xFexO3−δ mixed
conducting oxides,” Physical Chemistry Chemical Physics, vol. 14, no. 33, pp. 11759–11765, 2012.
[23] A. Van De Walle, P. Tiwary, M. De Jong, D. L. Olmsted, M. Asta, A. Dick, D. Shin, Y. Wang, L. Q.
Chen, and Z. K. Liu, “Efficient stochastic generation of special quasirandom structures,” Calphad:
Computer Coupling of Phase Diagrams and Thermochemistry, vol. 42, pp. 13–18, 2013.
[24] T. C. Gibb, P. D. Battle, S. K. Bollen, and R. J. Whitehead, “Investigation of the crystal and magnetic
structure of the perovskite system Sr2FeTiO6−y by Mössbauer spectroscopy and neutron diffraction,”
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